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Model Description

M/M/N with Priorities
e N statistically identical servers;
e J customer types, indexed 1,2, ... J;
e Type i has a priority overtype 5 < 1< j;
e FCFS within each type queue;

e Non-preemptive priority (Later preemptive)

Type 7: Poisson arrivals at rate \;
Exponential service time at rate p, the same for all types

Steady-state < p=p1 4+ ... 4+ pJ,

where p; = NLM is fraction of time allocated to class 4



M /M /1 with Non-Preemptive Priority

Calculation of E(W(j) = average wait of class i.

1. E(W)) =E(R) + %E(LE}) = 5 + p1E(W,)

I,

1N
= EWO = a0

1 1 1
2. E(W?) = E(R) + ;E(L§)+;E(L§) + ;ME(WqQ)

\ & \ & 7

due to type 1 and 2 in queue due to new type 1

— 5 + 1 E(W,) + p2 E(W2) + p1 E(W7)

1
_ B(W2) = p/u+p E(W)) p

1—p1—p2  p(l—p1)(1—p1—p2)

1—1
L BOV) = BGR) + (B + . B(L)) + 5 5 MEW,
k=1

p/u+ Sy PrE(WE)
1—p1—p2—...—p;

= E(W;) =

= p/1
(l-—p1—...—pi-)(L —p1— ... — pi)

Convenient notation: ZZ=1 pr = p<i, VI<i<J



M/M/1: A Numerical Example

M/M/1
Two types, i = 1,2, p= 10 cuslomers
M =4 sloms ), = 3 st
No priorities:
E(Wl) — E(WQ) — E(W) — (1—/)1) = 14 sec.
Non-Preemptive Priority:
E(qu) = P =7 sec
p(1 —p1) p
E(W?) = = 23.32 sec
T w1 = p1)(A = p1—p2)
Note:
E(W})
=1-p
E(W2)



Non-Preemptive Priority:  E(W()
Recall: E> y = P(Wait > 0) in a single class M/M/N system
(Erlang-C formula)

—1

(NN [ ()R (NN
2N = Nia - kz:% BT NI —p) @)

Non-Preemptive (Kella and Yechiali 1985)
The average waiting time of the i class is:
1 E> N
Np (1l —p<i-1)(1 — p<i)’

E(W,) = @)

where p<i = Zé{::l Pk

Proof:
Two steps:

1. PW>0)=Ezy, Vi=1,...K

1
Np (1 —p<i—1)(1 — p<i)

2. E(W;|W;>0) =



Non-Preemptive Priority:

Step 1
A A
H 2p

(N-Du

E(W?). Proof

(Q = total number in system attime ¢t > O, @ < M/M/N, X\ up
= P(W!>0) = Pyyn(Wait > 0) = Eo x

Step 2
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E(W?): Proof Continued

}\‘2 ) 2

Q.2 QIQ=N

A2

< ldle Period ‘ Busy Period .

A Al NN
1 N.,O N,1 N,2 N,3
Q Nu Np Np
_|_
Define: ka = total number of delayed customers of types 1,...,1

Then Qﬁr = number of the delayed type 1 customers

QL = M/M/1, A1, Np

d 1
= (Wl\Wl > 0) = exp(mean = )
R Nu(1l - p1)
E
EW}Y = 2N
Nu(l —p1)



E(W?). Proof Continued

Type ¢ customer:

Given wait, he "sees” only types 1, ...,7.

M/G/1 queue,
where G = Busy Period of M/M/1 with A<;_1 = 371, A

Each service completion lasts on average Niﬂ

Meanlnumber of arrivals 1,...,7 — 1 during each Busy-Period is
(1—p<i-1)

Queue length upon type i arrival: L L Geomo(1 — p<i)

= # busy periods 4Ll Geom(1 — p<;)

where L=' = total number of customers in M /M /1, \S%, Np.

Thus,
EWJW,>0) = E(L;") x Nu(l —1p<i1)1
Busy—Period Duration
. 1
 Np(1l - p<ic1)(1 — p<i)
Conclude:

Eo N
Np(l — p<i—1)(1 — p<i)

E(W;) =



Preemptive Priority

Recursive relation:
i—1
E(W)) = MWD = " (GE(WIN]/ A
j=1

where W(1=9) = E(W,) in a single-class M/M/N queue
1

with  A<; = ijl A; (i.e. ignoring lower types i+ 1,...,J).
Proof:
Define:

L = average number of class 7 customers in queue.

q
L(1—9) = average number of customers in a single-class M/M/N queue
with arrival rate A<;

LA=1) = Z;zl Li  (does not depend on queueing policy)

Calculation of E(W(j) — average wait of class i:
— 1/ (1—1
1. EW}) =wa=b
2. LU=2) = [ + Lo
= (M + )W) =\ E(W]) + AE(W2)
= EW?2) =MW1 =2 — \iE(WDH]/X2

1—1
i. BW)) = DW= = S OGBWINI/ A

j=1



QED and ED:

Preemptive vs. Non-Preemptive

QED: N ~ R4+ 38VvR forsome 3, 0<3< o
5 .
& ~ 1——, namel lim N (1 — = 0.
p TN y Jim (1—-pn)=20

ED: < Ilim N(1—-py) =~ forsome ~, 0<~vy<oo

N—oo

Theorem 1

. . . . . 6] o
(Halfin-Whitt, 1981) QED <« [im B,y = a = [1 1 m] |
Example: Two Customer Types

Py(Wait > 0) Py(Wait > 0)

Enp(W,) = Enp(W?2) =
P(Wo) Nu(l — p1) P(We) Nup(l —p1)(1 - p)
_ P (Wait>0) Py, (Wait>0)
B (W) = Pyi(Wait >0) (W2) = - Nu(-p) 1"Nu(—py)
e Nu(l = p1) S Ao

Physics of Low Priority: as N T oo, P(Service Interruption) | O
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QED: Preemptive vs. Non-Preemptive Cont.

Py\(Wait > 0) =~ «

= Enp(qu) converges to O at rate %
lim 1 = lim
N—oo Nu(l — p1)(1 —p)  N—oo/NfGp2
1
= E,,(W?) converges to 0 at rate —
p( q ) g \/N
1 er?
Py, (Wait) = : .pY +o(1/N
A ( ) \/ﬁ 1 — p1 P1 ( / )
N
1 P1
= Ep-(W, ) converges to O at rate Ve

Py\(Wait > 0) =~ «

A
lim = |lim
N—o0 )\QN/L(]. —p) NHOO’/NPQB
= Enp(qu) converges to O at rate \/LN
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ED: Preemptive vs. Non-Preemptive Cont.

P\(Wait > 0) ~ 1

= Enp(W,) converges to 0 at rate +
. 1 , 1

lim = |lim —

N—oo Npu(l —p1)(1 —p)  N—ooypo

= Enp(WqQ) converges to O at rate 1

1 er?

Py, (Wait) = : -pY +o(1/N

N
1 P1
= E,-(W;) converges to O at rate W

P\(Wait > 0) ~ 1

A 1
lim = |lim —
N—oo Mo Nu(1l — p) N—oo pory

= Enp(WqQ) converges to O at rate 1.
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QED and ED:

Summary of Results

Expected Waiting Time: Convergence Rate

QED ED
N-Pr Pr N-Pr Pr
pY pY
I ©(1/N © ©(1/N ©
(1/N) ( N\/N) (1/N) | ©( N\/N)
Il | ©(1A/N) | ©(AA/N) | ©(1) e(1)
QED ED
1 o 1 1
Enp(Wq )N — Enp(Wq ) N —
P2 P2
2 o 2 1
Enp(W2) VN — Enp(W,) —
p2p8 P2y
NN er? NN er?
By (W) - N > Epr(Wy) - N 2
(1) V2mp3p (1) V2mp3p
2 o 2 1
Epr (W) /N — Ep (W) -
P21 P2y



Non-Preemptive Priority + Abandonment

M/M/N+M with Priorities
e N statistically identical servers;

e J customer types, indexed 1,2, ... J;

Type i has a priority over type ;5 < 1 < j;
e FCFS within each type queue;

e Non-preemptive priority (Later preemptive)

Type <. Poisson arrivals at rate \;
Exponential service time at rate u
Exponential patience with rate 6

Steady-state always exists;

p=p1+...+ pJ
where p; = NLM is offered load per server allocated to class
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Non-Preemptive Priority: P(Wait > 0)

OEHIN \§

A2

E(W}) = P(Wait > 0)E(W/|W] > 0)

P(W! > 0) =Erlang-A (M/M/N + M, X, p, 6)

(Delay probability does not depend on the queueing discipline)

15



Non-Preemptive Priority:  E(W2|W21 > 0)

Recall :
fk = number of type ¢ customers

Then
QL £ M/M/1+M, X\, Nu+6, 0

=  EW}MW} >0) = E,(W|W > 0) = +P,,(Aband|W > 0),

where
E\,(W|W > 0), P\,(Aband|W > 0) are calculated
in M/M/1+ M (M, Nu+0,6)

Example: J = 2

Define: L{1—2) = expected total number of delayed customers
1-2) — 71 2
L1=2) = [l 4 [2
Little’s Law:
. A1 Ao
EWU™2) = SE(W,) + E(WE)

AE(Wior) — M E(WY)
A2

= EW?2) =
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Non-Preemptive Priority: J Types
The Algorithm:

Step 1: Enp(W,) = PA\(Wait > 0) - E\,(W|W > 0)
Step 2: "Merge” the first two types a single type with A<o = A1 4+ A2

Enp(WZ™1) = P\(Wait > 0) - E\_,(W|W > 0).

A1

Enp(WqQ_&)—)\—Q np(W )"‘ Aes np(qu)

A< - Enpy(W2™Y) — M\ B, (W1

- Enp(W2) = 2=2 p (Vg AQ) 1Enp(Wy ).
In general:

repeating Steps 2 and 3 for : < J — 1 we get the following relation:

)\<z —s z i
= B (W) + S By (W)

+1)—1\
Epp(WTHD=1) = - o

Aeit1 - Bup(We tD7Y) - A By (W)

= E”P(WJ—H) — Ait1

17



QED with Abandonments:

Preemptive vs. Non-Preemptive

QED: N ~ R4+ 38vR forsome (3, —oco< <
s .
& ~ 1———, namel lim vN (1 — = 0.
p TN y limv (1—-pn) =27
Theorem

(Garnett-Mandelbaum-Reiman, 2002)

~1
QED < Alfi_rQOP(Wait>O)=ozE[1—l—%] , 0 = B/ /0.

Example: Two Customer Types

P\(Wait > 0)

Enp(W,) = ; Py, (Aband|W ait > 0)
Py\(Wait > 0) AP\(Aband|Wait > 0)
B (We) = 0 | >\|2 -
- P\(Wait > 0) APy, (Aband|Wait > 0)
0 A2

1
E,(W;) = EPAl(Abcmd)

1 AP\(Aband) — A1 Py, (Aband)

E,(W?) =
p( q) 9 )\2
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QED with Abandonments:
Preemptive vs. Non-Preemptive Cont.

Py\(Wait >0) ~ «

1 1 0

Py, (Aband|Wait > 0) = — - L+ o(1/N)
N 1-p1 p

= Enp(W,) converges to 0 at rate ~

P\(Aband|Wait > 0) :\/iﬁ -\/g- [R(8) — 8] + o(1/N)

1
= E,..,(W?2) converges to 0 at rate —
p( q) g \/N
1 eP?
Py, (Wait) = : . pY + o(1/N
A ( ) \/W 1 — 1 pl ( / )
1 1 )
Py, (Aband|Wait > 0) = — - -——+0(1/N)
N 1—p1 p
1 lev
= E,. (W) converges to O at rate
Y% ( q) g M

P\ (Aband) = \/% \/g [h(8) — 8] + o(1/N)

E,-(W?) converges to 0 at rate 1
= pr q g /—N
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ED with Abandonments:

Preemptive vs. Non-Preemptive

ED: N ~ R(1—~) forsome ~, 0<~v<

1 —1
& p o ~1—— and fyzp—
11—~ p

Example: Two Customer Types

P\(Wait > 0) ~ 1
11

Py (Aband|Wait >0) = — -
\, (Aband|W ai ) N1

RAREYIS
L

= Enp(qu) converges to O at rate %

P\ (Aband) ~ ~
= Enp(WqQ) converges to O at rate 1

er?

1

1 1
Py, (Aband|Wait > 0) = — -
N 1-p

P)\l (Wa'it) =

SANRNCYIS
7

pY

NN

= Epr(qu) converges to O at rate

P\(Aband) ~ ~
= Epr(WqQ) converges to O at rate 1
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QED and ED with Abandonments:Summary
of Results

Expected Waiting Time: Convergence Rate

QED ED
N-Pr Pr N-Pr Pr

| ©/N) | o(L£5) | ©(/N) | ©(:L&5)
Il | ©(1AN) | ©(1A/N) | ©(1) o(1)

QED ED
1 «a 1 1
Enp(Wq )N — — Enp(Wq )N — —
pofL [1p2
Eap(W2) VN — S [h(8) = 8]  Enp(W?) -
Vou 0p2 (1 — )
NN e’ 0 NN e’ 0
Ep (W) - —% — 2 Epn(W))  —x A= 2,
P1 V27ps K P1 2mp5 K
En(W2) VN — S [n() -6 E,W2) -
Vou 0p2 (1 — )
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