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Abstract

We study queues in healthcare. We start by developing and analyzing a queueing model,
which we call Erlang-R, where the “R” stands for ReEntrant customers. The Erlang-R model
accommodates customers who return to service several times during their sojourn within the sys-
tem. It is most significant in time-varying environments. Indeed, it was motivated by healthcare
systems, in which workloads are time-inhomogeneous and patients often go through a discon-
tinuous service process. For example, in Emergency Wards, physicians are revisited by patients
whose service process consists of cycles: examination by a physician, lab tests, treatment by a
physician and so forth.

This thesis consists of three parts: open Erlang-R, semi-open Erlang-R, and Empirical anal-
ysis. In the first part, the main question we address is: how many servers (doctors/nurses) are
required (staffing) in order to achieve predetermined service levels stably over time. Based on our
theory, we propose a staffing policy that attains pre-specified service levels in the Halfin-Whitt
(QED) regime. This policy applies the Modified Offered Load (MOL) approximation. We vali-
date our policy, via simulation, both for large and small systems, and we use an EW simulator to
validate its usefulness in realistic scenarios. We thus show how to stabilize, via proper staffing,
both service levels and servers’ utilizations, in time-varying healthcare environments.

In the second part, we concentrate on analyzing semi-open queuing networks with ReEntrant
customers. These networks are used to model a Medical Unit with s nurses that cater to n beds,
which are partly/fully occupied by patients. Here the questions we addressed here are: How
many servers (nurses) are required (staffing), and how many fixed resources (beds) are needed
(allocation) in order to minimize costs while sustaining a certain service level? We answer this
by developing QED regime policies that are asymptotically optimal at the limit, as the number
of patients entering the system (), the number of beds (n) and the number of servers (s) grows
jointly. Our steady-state approximations turn out accurate for parameter values that are realistic
in a hospital setting. We then use these approximations to develop MOL approximation to the
closed-version of the Erlang-R model in a time-varying environment.

Our research was done in collaboration with one of the largest hospitals in Israel. This
partnership provided us with the opportunity to analyze real data of patient-flow throughout the
hospital, and validate our research in realistic situations. The last part of the research consists

of this data analysis, concentrating mainly on hospitalization data in internal wards.
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1 Introduction

1.1 The Structure of Modern Hospitals

A Hospital or Medical Center is an institution for health care, which is able to provide long-term
patient stays. One distinguishes between two types of patients: inpatients and outpatients. Some
patients in a hospital come only for a diagnosis and/or therapy and then leave (outpatients’), while
others are ’admitted’ and stay overnight or for several weeks or months (‘inpatients’). Hospitals
usually differ from other types of medical facilities by their ability to admit and care for inpatients.
Within hospitals, the two types of patients are usually treated in separate systems, and thus can be
analyzed separately. We will concentrate on the inpatient system.

In the modern age, a hospital constitutes a combination of several Medical Units (MU) specializ-
ing in different areas of medicine such as internal medicine, surgery, plastic surgery, and childbirth.
In addition to these medical units, the hospital includes some service units such as laboratories,
imaging facilities, and IT (Information Technology), that provide service to the medical units. Typ-
ically, inpatients arrive to the hospital, randomly, via an Emergency Ward (EW), which deals with
immediate threats to health and has the capacity to exercise emergency medical services. For oper-
ational purposes, therefore, the flow of patients in a hospital can be viewed as in Figure 1: a patient
enters the EW, is treated, and then discharged after treatment or admitted to stay; the latter if the
doctors decided to hospitalize the patient and there is an available bed at an appropriate MU, in
which case the patient is transferred to that MU. At some point in time (i.e., when the patient is
cured or transfered to other medical centers, or unfortunately dies) the patient leaves the hospital
system.

Focusing on the operational point of view, the hospital includes doctors, nurses and administra-
tive staff. Each MU is managed autonomously, with its own medical staff. Each MU has a limited
capacity which is a function of the physical space (static capacity) and the staffing levels (dynamic
capacity). The physical space is usually measured by the number of beds allocated to that MU,
and the staffing levels by the number of service providers: doctors, nurses, and general workers
(sanitation staff, etc.). Naturally, capacity restrictions can lead to a situation of system blocking.
Thus the EW and MUs can be blocked, and a situation where ambulances are turned away [25], or
a patient is waiting in the EW for assignment is not a rare event. In large medical centers there
are several MUs of the same type. This division is due to a combination of location constraints and
the inability to manage large wards efficiently. Nevertheless, blocking does also occur in such large

medical centers.
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Figure 1: The basic operational model of a hospital system

All of the above leads to the conclusion that one can model the hospital as a complex stochastic
network, where each node represents some process. We can then examine the flow of patients in
that network, as shown in the case-study of de Bruin et al. [19] and Hall [41]. If that flow is not
smooth then patients are delayed at various points in the system, waiting for medical care or waiting
in queues for other reasons. The most notorious queues for medical care are those for surgery, organ
transplants, very expensive diagnostic tests such as C.T. and MRI, and specialists. For some of the
above, the wait can be as long as several months [15]. Less noticed, though much more common,
are queues for hospital beds, doctors, nurses, lab tests and dispensing medication. These queues
cause delays during treatment, when the response time can be critical for patient safety and quality
of care (see Sobelov et al. [69]).

Healthcare queueing research has the capability to deal with various aspects of the healthcare

system. For example:

1. Scheduling - for example, the optimal scheduling of surgery rooms, in order to minimize wait
while considering diverse patients’ needs and system constraints; or managing out-patient

appointments [41].
2. Routing - for example, the routing of patients from the EW to the MUs [71].

3. Staffing - for example, how many nurses to assign to an MU [45], first at the planing stage

and then dynamically.

4. Design - for example, capacity planning [32] and what is the optimal bed allocation [31].



5. Costing - for example, the optimal sharing of surgical costs in the presence of queues [29].

Some of these issues have been noticed and approached in the past, usually not as a health-
care problem but rather from a more general perspective. Many aspects, however, have not been
treated, and some of them are crucial for healthcare systems, such as adaptivity of large-system-
approximations to small systems, and the combination of medical and psychological aspects. The
most common method for modeling healthcare systems is simulation (see for example [58]). The
reasons for the popularity of simulation in healthcare seem to the same as that of call centers:
there is a widening gap between the complexity of the modern healthcare system and the analytical
models available to accommodate this complexity. Moreover, simulation techniques are relatively
simple user-friendly tools [28]. We aim to narrow this gap by developing simple queueing models
that capture the ReEntrant effect of patients, and show how these relatively simple models can
actually capture enough of the system dynamics, and therefore can be used to model complex EW
and MUs environments. There are other researchers who use various methods of mathematics for
modeling and analysis of healthcare systems (see Halls’ book [41] for works on the subject). Only a
minority of them have tried to deal with the stochastic characteristics of the system, using queueing
theory, similarly to outpatient analysis and in other fields such as call centers [28]. Nevertheless,
even this small body of work suggests that stochastic-models insights could significantly advance
our understanding of inpatient healthcare systems.

Healthcare systems are highly regulated, both in service and operational issues. Each country
provides the regulator with different means to control healthcare systems: for example, Israel has
a national health law. The Ministry of Health controls all beds allocation and staffing capacity in
hospitals. In Europe, some countries regulate maximum queues waits for surgeries, and in 2004
in the US, the California Department of Health Services (CDHS) published a law that specifies
nurse-to-patient ratios that determine the minimal staffing levels allowed [63]. Some of these laws
are poorly designed, as Jennings and de Véricourt [45] showed concerning the California regulations.
Queueing models can be used to better design staffing regulation, as shown by Green et al. [37]. We
believe that our work will provide the regulator tools to better understand the impact of capacity-
related decision on service level in hospitals. This will help change the current practice of determining
staffing and allocation based on utilization and budget constrains, to a more balanced approach that
accounts for service aspects as well. There are still some research questions to be answered before
one is able to actually establish staffing guidelines that are based on our research; for example,

healthcare systems are time-varying and it is unclear over what period (year, week, or day) one



should base such guidelines.

1.2 Research Objectives and Contributions

We concentrate on capacity management problems in hospitals for several reasons: First, the main
resource used in healthcare systems, as in many other service industries, is the human resource.
Doctors, nurses, therapists, laboratory technicians, and so forth are the main resources of that
system and their salaries constitute 70% of hospital expenditure [62]. The second reason is that
these personnel have very long training periods, and healthcare systems suffer from a chronical
shortage of medical personnel, which has a detrimental impact on the system. For example, in
the US alone, in 2005 there were 1.1 million FTE (Full Time Equivalent) Registered Nurse (RN)
jobs [1], but there is still a chronic shortage of nurses; the American Hospital Association (AHA)
reported that US hospitals had an estimated 116,000 RN vacancies as of December 2006 [2], and that
the personnel shortage causes some very serious problems in the majority of hospitals: decreased
staff satisfaction (in 49% of the hospitals), EW overcrowding (36%), diverted EW patients (35%),
reduced number of staffed beds (17%), increased waiting times to surgery (13%), and more.

Hence, we seek to support capacity management policies for healthcare systems, using stochastic
processes. We develop strategies for doctor-staffing in the time-varying environment of Emergency
Wards (see Part I), and a joint nurse-staffing and bed-allocation strategy for Medical Wards (see
Part II). Our service-level objectives reflect both blocking phenomena and the response time of
the medical staff. We develop QED (Quality and Efficiency Driven) staffing policies that balance
between these service-level objectives and the efficiency of the system. We validate our models
using simulation in a realistic setting. We also include, in Part III of this work, empirical analysis
of patients flow data. This analysis describes some of the statistical characteristics of the flow of
inpatients through the MUs, such as the arrival rates, LOS, blocking etc.

The models we describe in this work have limitations, which call for natural extensions. FEx-
amples of such extensions include multi-classes of patients (to distinguish service phases or medical
priorities), abandonments (customers who leave without being seen), and random parameters. We
elaborate on some of these extensions in Part IV.

The main contribution of this work is the addition of a new central feature to the queueing
literature, which incorporates returning customers to service. We called our model Erlang-R, were
“R” stands for Returning or ReEntrant. Within the Erlang-R framework (open, semi-open), we
identified the circumstances where returns must be modeled explicitly, as opposed to being “ab-

sorbed” in the corresponding simpler setups (M/M/s, M/M/s/n). Regarding the above-mentioned
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circumstances, we have contributions along three main directions:

1. The QED regime: Generalizing the QED limits, and exact calculations of Khudyakov et al.

[50] to semi-open service system.
2. Coping with time-varying environments:
e Developing MOL (Modified Offered Load) approximations, and analyzing insightful special-
cases.

e Stabilizing performance using the MOL/ISA approach of Feldman et al. [26]:

— Developing generalization of the MOL-QED staffing procedure for open and semi-

open queueing networks.
— Validating the usefulness of this procedure in small scale systems.
— Using simple models to stabilizing complex (real) systems.
e Fluid and Diffusion approximations:

— Developing time-varying fluid and diffusion approximations within the framework of

Mandelbaum et al. [53] .

— Develop corrections to those processes under MOL-QED staffing.
3. Open vs. Semi-open networks:

e Identifying the significance and understanding the joint combining impact of time-varying
arrivals parameters (amplitude and phase), and service-rate on open-system performance

measures.

e Identifying the significance and understanding the impact of the offered-load ratio, on

semi-open system performance measures.
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Part 1

The Open Erlang-R Model

2 Introduction: The Erlang-R Model

It is natural to use queueing models to support workforce management in service systems. Most
common are the Erlang-C (M/M/s), Erlang-B (M/M/s/s) and Erlang-A (M/M/s + M) models,
all used in call centers. But when considering healthcare environments, we find that these models
lack a central prevalent feature, namely, that customers might return to service several times during
their sojourn within the system. Therefore, the service offered has a discontinuous nature and is
not provided at one time. This has motivated our queueing model, Erlang-R (“R” for ReEntrant
customers) which accommodates the return-to-service phenomena.

More explicitly, we consider a model where customers seek service from servers. After service
is completed, with probability 1 — p they exit the system and with probability p they return for
further service after a random delay time. We refer to the service phase as a Needy state, and to
the delay phase as a Content state (following Jennings et al. [46]). Thus, during their stay in the
system, customers start in a Needy state and then alternate between Needy and Content states. We
assume that there are s servers in the system. When customers become Needy and an idle server
is available, they are immediately treated by a server. Otherwise, customers wait in queue for an
available server. The queueing policy is FCFS (First Come First Served).

We assume that the Needy service times are independent and identically distributed (i.i.d.),
with general distribution G; and mean i, and that the Content times are also i.i.d. with general
distribution G2 and mean %. We also assume that the Needy and Content times are independent
of each other and of the arrival process. The arrival process is taken to be a time-inhomogeneous
Poisson process with rate A;, t > 0. Some of our results require that the Needy and Content times
are exponentially distributed. We shall state specifically when this is the case.

Figure 2 displays our system graphically:

Note that our returning customers are different from the redialing customers of a call center.
The latter leave the system before service in response to a busy line or due to abandonment. See

Aksin et al. [3] and Artalejo et al. [6] for further details of such models.
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Figure 2: The Erlang-R model

2.1 Examples in Healthcare

We now describe a few examples where the Erlang-R model is applicable in hospitals. The first
example presents the process of doctor service (or nurse service) in an EW. Patients enter the EW,
and are referred to a doctor. The doctor examines them, and decides whether to send them home or
to admit them to the hospital. In most cases, the decision is made after the patient goes through a
series of medical tests. Thus, the process that a patient goes through, from the doctor’s perspective,
fits our model. A patient visiting the doctor is in a Needy state. Between each visit, the patient
is considered to be in a Content state, which represents the delay caused undergoing medical tests
such as X-rays, blood tests, and examinations by specialist. After each visit to the doctor, a decision
is made to release the patient from the EW (either to his/her home or to the hospital), or to direct
the patient to additional tests.

A second example is the Radiology reviewing process [51]. After a mammography test, the radi-
ologist interprets the results. This includes several stages: examining referral requisition, reviewing
clinical background information, analyzing images, and dictating results. In some cases, part of the
information on the patient is lacking: the radiologist does examine the case but it must be put on
hold, waiting for this additional information to arrive; after arrival, the reviewing process starts
again. With radiologists being the servers, this can be modeled using our Needy-Content cycle.

The final example is the process of bed management in an Oncology Ward. In such a medical
ward, patients return for hospitalization and treatment, much more frequently than in regular wards.
Here servers are the beds, the Needy state models the times when a patient is in the hospital, and
the Content state models the times when the patient is at home. A patient leaves the system when

cured or unfortunately passes away.
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We would like to understand the significance of customers’ service cycles. The fact that service is
not given in one time but, rather, separated into several visits to the server, could affect operational
decisions: we seek to understand in which cases it does, and what are the implications regarding

staffing procedures.

2.2 Main Results

In this part we first show that, in steady-state, our model behaves like an Erlang-C (M/M/s) model.
This applies from the quality-of-service perspectives in the Needy state, since the marginal distri-
bution of the number of customers in the Needy state is the same as in steady-state Erlang-C.
Nevertheless, the Erlang-R model is useful beyond Erlang-C for two reasons: first, it provides more
information than Erlang-C since we model the Content state as well. But more importantly, we
found that while steady-state performance is identical, there is a significant difference between the
two models as far as transient behavior is concerned; in particular, in transient times, the Content
state plays an important role in determining appropriate staffing levels. This finding is important
since the systems in our healthcare examples, as well as in many other systems, are typically in a
transient state due to the nature of the arrival process, the rate of which varies significantly in time.

Staffing systems that are in a transient state differ from those in steady state. Instead of setting
the service-quality measures in the long run, one must consider them at every moment in time. Our
goal is to identify staffing procedures that stabilize performance over time. Specifically, no matter
what time of day customers enter the system, they will always wait on average for the same amount
of time, and their probability of waiting remains constant. Thus, the staffing algorithm is to attain
pre-specified service levels but, at the same time, servers’ utilization must be high. This means that
we seek to create QED (QED = Quality and Efficiency Driven) balance, at all times of a transient
system.

We use the MOL (Modified Offered Load) approach [44] in which one first calculates the time-
varying offered load. In our case, the offered load for Station 1 (Needy) and Station 2 (Content) are

given (Section 5) by

[ o0

Ri(t)=E |> At —S7 - S5 — 81.)| E[Su],
/=0

Ro(t) =E | Y p'At— Sy — 8577 — Sh.0)| E[S))-
=1
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Here S;‘ 7 is the sum of j independent random variables .S;, where 57 is the Needy service time and S
is the Content time; their joint distribution is given by the convolution of their separate distributions.
These formulae are hard to calculate. We hence develop ways to approximate and estimate Ry (t)
and Ra(t) and calculate them numerically (for example by using Taylor-series approximation) - see
Section 5. In some cases, a closed form solution is available. This enables one to treat some cases
analytically, which gives rise to managerial insights on our system.

In the MOL QED approach [26], staffing is determined by substituting the time-varying offered

load formula into the square-root staffing formula:
s(t) = Ri(t) + B/ Ri(t), t > 0.

We demonstrate that this approach works very well. We find that, in most cases, performance
measures such as the probability of timely service, expected waiting, and servers’ utilization are
all remarkably stable over time. The reason for success is that time-varying square-root staffing
controls the system, at all times, in a state that is very close to a naturally-corresponding steady
state system. This also explains why the constant 3 is calculated using steady-state formulae, and
it does not vary in time. We show that, although our staffing algorithm is based on large-scale
approximations, it also stabilizes small systems such as those in hospitals, where the number of
‘servers‘ (e.g. doctors) varies between 1 and 10.

We demonstrate the importance of using staffing based on the time-varying Erlang-R model

(Section 6). In one stylized example, the arrival rate function is given by
. (27
A+ = 30+ 30 % 0.2 x sin (24t> , t >0,

with the parameters p = 2/3, p =1, § = 0.5. Introducing the following service goal: P(W; > 0) =
0.5, Figure 3 presents the probability of waiting when one uses the Erlang-R, Erlang-C and PSA
algorithms for staffing. It clearly shows that, while using Erlang-R stabilizes system’s performance
around the pre-specified target, using Erlang-C or PSA does not. Other realistic healthcare examples
can be found in Sections 6.2 and 7.

Investigating the differences between Erlang-C and Erlang-R revealed the environments in which
Erlang-R is essential. We have already mentioned the main characteristic that is time-varying
arrivals. More explicitly, we show that the difference manifests itself both in amplitude and phase
of the offered load which, in turn, is the driver of the system’s dynamics. For example, when the
arrival rate is periodic, and the service times are exponentially distributed, the amplitude of an

Erlang-R Offered Load (OL) is always smaller than the amplitude of a corresponding Erlang-C OL.
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Figure 3: P(W > 0), as a function of time, when staffing according to Erlang-R, Erlang-C, and PSA

On the other hand, the phase of Erlang-R OL sometimes leads and sometimes lags behind the phase
of Erlang-C OL. In fact, these differences between the two models are especially pronounced when
arrivals vary during the sojourn time of a customer, which is exactly the case in emergency wards.

The implication of miscalculating the offered load is that Erlang-C will lead to over- or under-
staffing at most times. One must thus take into account the discontinuous nature of service, in order
to avoid excessive staffing costs or undesirable service levels. Using Taylor-series approximations,
we can quantify the differences between the two models also for general arrival-rates functions and
general service-time distributions.

Lastly, based on diffusion approximations, we developed new MOL approximations for the num-
ber of Needy customers and the expected waiting time in the QED regime, which are also highly
accurate.

The subsequent sections are organized as follows: first we review some of the related literature;
then, in Section 4, we describe the steady-state of the Erlang-R model, in particular, showing that
its Needy part behaves exactly as Erlang-C (M/M/s). In Section 5 we introduce the time-varying
offered-load, which will be used later in time-varying staffing procedures for our model. In that
section, we present a numerical method for calculating the offered load when service times are

exponentially distributed, as well as approximations using Taylor expansions, for general service
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time distributions. In addition, we analyze the offered load for periodic arrival rates (sinusoidal),
and compare the Erlang-R and Erlang-C models in order to determine the circumstances in which
FErlang-R is mostly needed. In Section 6 we validate our time-varying staffing procedure, using
simulation, and show that it achieves pre-specified service-level requirements. In Section 7 we
present an application of Erlang-R in an EW environment. Lastly, in Section 8 we develop MOL
approximations for the number of customers in each state, and the average waiting time process in

the QED regime.
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3 Literature Review

3.1 Staffing Problems in Hospitals

The workforce of a hospital consists of nurses, doctors, laboratory workers and others. Most of
these human resources require long and costly training, and jointly contribute as much as 70% to
a hospital’s operational budget [62]. Nurses’ salaries make up the largest single element in hospital
costs [67]. Thus, careful management of work-force capacity is naturally called for.

Queueing models help determine personnel levels that should be available to serve patients over
a given time slot. These staffing levels must vary during a day as they track predictable variations
in the arrival rates of patients. The prevailing schemes, however, are inflexible; for example, the
application of beds-to-personnel ratios is common when considering nurses staffing [63]. There do
exist queueing models for staffing personnel, but most account neither for time-varying environments
nor recurrent services. The first to consider the effect of returning patients in healthcare were
Jennings and de Véricourt [45]. They used a closed queueing model to develop new recommendations
for nurse-to-patient ratios which are a scale-dependent, being developed in the QED regime. Yom-
Tov and Mandelbaum [73] then expanded [45] to accommodate bed allocations. But both [73] and
[45] impose a restriction on the number of patients (which is not the case here), and they analyzed
the system in steady-state. To the best of our knowledge, the only exceptions to consider explicitly
time-varying queues in hospitals are those of Green et al. [34, 35], Bekker and de Bruin [10], and
Zeltyn et al. [74]. Green et al. apply the Erlang-C model, and the Lag-SIPP (Stationary Independent
Period by Period) approach for staffing doctors in the EW, with the arrival rate varying during the
day. Our goal is to demonstrate that Erlang-R is more appropriate for modeling the time-varying
EW environment, which is due to the discontinuous nature of service during patients’ stay. Bekker
and de Bruin use loss systems for analyzing time-varying weekly patterns on beds’ allocation. Zeltyn
et al. apply the ISA (Infinite Server Approximation) method of [26] (see below), plus heuristics, to
determine physicians’ staffing. Finally, we refer the reader to Green et al. [34] comprehensive survey

of time-varying queues and their applications in workforce management.

3.2 The QED (Quality- and Efficiency-Driven) Regime

We shall focus on QED queues in order to balance patients clinical needs for timely service with the
economical preferences to operate at high efficiency. This operating regime is characterized by high
levels of resource-utilization jointly with high service-quality. The latter is characterized by short

queueing delays, being one order of magnitude shorter than service durations or, equivalently, by a
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significant fraction of customers (e.g. 30 — 70%) who get served immediately upon arrival.

QED models have become popular for research as they capture the operational environment of
call centers [28]. However, as first noticed by Jennings and de Véricourt [45] QED approximations
are already useful for the much smaller scale healthcare environment, a fact that was recently
substantiated formally in [43].

QED queues adhere to some version of the so-called square-root staffing rule. For example, QED
staffing in an Erlang-C (M/M/s) model corresponds to the number of servers s being s ~ R+ 3VR;
here R is the offered load, given by R = X - E[S] (X is the arrival rate and E[S] is the mean
service time), and (§ is a QoS (Quality-of-Service) parameter that is set to accommodate service-
level constraints. The square-root staffing rule was described by Erlang [23], as early as 1924.

However, its formal analysis awaited the seminal paper by Halfin and Whitt [39], in 1981.

3.3 Staffing Time-Varying Queues

When the arrival rate varies with time, the above QED approach requires modifications. As men-
tioned already, we aim the staffing algorithm to attain a pre-specified service level stably over time,
while maintaining a high level of servers’ utilization, as is typically the case in the QED regime.

This goal has been addressed via two approaches. The first tries to find the right staffing level
using steady-state approximations, such as in PSA (Piecewise Stationary Analysis), RCCP (Rough
Cut Capacity Planning) [74], SIPP, or lag-SIPP [44, 33, 35]. In PSA, for example, we divide the
time-horizon into small planning intervals and calculate the average arrival rate for each interval.
Then, assuming that the system gets fast to steady state, and using that average arrival rate, we
calculate the steady-state offered-load for each interval (i.e., R(t) ~ A(t)E[S]), then staff according
to steady-state recommendations using square-root staffing.

The second approach includes algorithms such as MOL (Modified Offered Load) [44] or ISA
(Infinite Server Approximation) [26]. Here, one tries to calculate the time-varying offered load,
using a corresponding system with ample servers. For example, in the time-varying Erlang-C model
(My/M/s;), when using the MOL approach, we calculate the time-varying offered load [22] via
t

)\(u)du] _ / AWP(S >t — w)du.

—00

R(t) = B[\t —Se)] E[S] =F [/t

-5
(This is the number of customers in a corresponding M;/G /oo queue.) Then we use an adaptation
of the square-root formula: s(t) = R(t) + 8/ R(t). This approach works very well, as shown in
Jennings et al. [44] and Feldman et al. [26], and we are following it here with our Erlang-R model.

Research is still needed to provide theoretical justification for why the MOL approach actually
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works. The only available theoretical support is Feldman et al. [26] who proved convergence of the
diffusion process under MOL staffing, for the Erlang-A model with patience rate equals to service
rate. An analysis of the time-varying offered load in the Erlang-C environment was carried out by
Eick et al. [21, 22]. They also developed Taylor-series approximations for cases in which the offered
load cannot be calculated explicitly. We use their work in Section 5.3, to compare Erlang-C with

Erlang-R.
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4 Steady-State Performance Measures

We start with a steady-state analysis of the Erlang-R model. This entails simple calculations for a
two-state Jackson network, which provide the backbone for later analysis. In particular, it comes
out that, in steady state, the probability of waiting depends exclusively on the offered load of the
Needy station. In addition, this probability has exactly the same structure as in a standard Erlang-C
(M/M/s) model. We provide formulae for all the standard quality measures. In addition, our model
provides more information about the system than does Erlang-C, since it accounts for the delayed
customers in the Content state as well. One can use this information to approximate the number
of customers in the system, as we will discuss later.

In this section, we assume that the service times are exponentially distributed with parameters
w and ¢, and that the arrival rate is constant A(f) = A. Let @ = {Q(t),t > 0} be a two-dimensional
stochastic queueing process, where Q(t) = (Q1(t),Q2(t)): Q1(t) represents the number of Needy
patients in the system, and Q2(t) the number of Content patients at time ¢. Under our assumptions,
the system is an open (product-form) Jackson network with the following steady state distribution:
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We call Ry and Ry the steady-state offered load of Station 1 and 2, respectively.

Theorem 1. When the Needy service times are exponentially distributed (1), and the arrival rate

is constant (X), then:
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Proof: see Appendix A.1 on page 148.
Note that the above measures depend exclusively on the offered load of the Needy station. Also
note that these quantities have exactly the same structure of the Erlang-C (M/M/s) model. The

difference is between the offered load measure. Here R; := while in Erlang-C, R = 2.

A

(1-p)p’ @
Recall that ﬁ is the expected number of visits in the Needy station. Therefore, in steady state,
Erlang-R behaves exactly as Erlang-C with service rate (1 —p)u, i.e. as if services were concatenated
to one another, with no delay between them; consequently, it will have exactly the same QED
approximations. Thus, we can conclude that, in steady-state, the appropriate QED staffing policy

for our model is to set s such that

A
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where ¢(-), and ®(-) are the standard Normal density and distribution functions, respectively.

-1
where [ is given by the Halfin-Whitt formula [39]; it is related to the desired a by oo = [1 + 0 o5 ))} ,

However, not all the performance measures depend exclusively on the Needy state. Some in-
corporate information both of the Needy and Content states. For such measures Erlang-R and
Erlang-C yield different results. For example, one might wish to evaluate the probability of over-
crowding events in the EW. To do that, one might assess the probability that the number of patients
in the EW will exceed the number of beds. This includes Needy patient as well as Content ones. In
more general terms, we are interested in the probability that there will be more than n customers

in the system, when n > s. This could be calculated by the following formula:
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5 The Offered Load

As mentioned earlier, research has shown that appropriate staffing levels in non-stationary systems
can be based on the offered load (Feldman et al. [26]). Adopting this approach, we now introduce
the offered load of our time-varying Erlang-R, R = {R(t),t > 0}. We set R(t) = (Ri(t), Ra(t))
where R;(t) corresponds to node ¢ in the network. We define R using a related system, with the
same structure, in which the number of servers in node 1 is infinite, which results in an (M;/G/o0)?
network. The offered load in our system equals the mean number of busy servers (equivalently, the
number of served customers) in each node of this network. Massey and Whitt [59] showed that, in

such networks, the average number of customers at node ¢ is given by:

R0 = BQEO] = | [ A twau] = B 0 - 5,01ELS) 5.1

where )\;r is the aggregated-arrival-rate function to node ¢, and \S; . is a random variable representing
the excess service time at node 7. Note that (5.1) is valid for general service time distributions, and
that if S; is exponentially distributed, then S; . = S;.
In our two-node network, )\j is defined by the minimal non-negative solution to the system
traffic equations
AT () = A(t) + E[M] (t — S2)],
A3 (t) = pE[M] (t = S1)].
These equations constitute a variation of Fredholm’s integral equation [64], which one can solve

recursively (using the fact that S; and Sp are independent) as follows:
M) =Xt) +pE[ED (t—S2—S)]]=... = Zp]E (t— 877 — 857,
A (t) = pE[N(t — S1) + B[\ (t — 81 — Z — 557N

Here S J is the sum of j ii.d random variables S;, hence its distribution is the j-convolution of
S;. The above representation of AT (t) = (A{ (¢), A5 (t)) reveals that it is an infinite sum of delayed
arrival rates.

Substituting A*(¢) into R(t) yields

Ryi(t) = EXT(t — S1.0)|E[S1] = ij)\(t — Sy =837 — S1e)| E[S1],

Ry(t) = E[\f (t — So.)|E[Ss] = E Zp])\ (t—Sy7 =S —Sy.)| E[Sa],
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Note that the time-lag that exists between the arrival rate function and the offered load function is
influenced both by service time and delay time. We shall see later (5.3) that, in some special cases,
these offered load expressions have an explicit solution. Nevertheless, in most cases, numerical or
approximated solutions are called for. In Section 5.1 we provide a numerical method for calculating
R(t), which is applicable when service times are exponentially distributed. When this is not the
case we describe two methods for approximating the offered load expression: (a) using Taylor series

(5.2) and, (b) in case of periodic arrival rates, using time-series methods (5.3).

5.1 Numerical Approximation of the Offered-Load Measure for General Arrival-

Rate Functions with Exponential Service-Time Distribution

In this section, we calculate R(t) as a fluid solution of an infinite-server system, in cases where S;
are exponentially distributed. The Erlang-R model is then a time- and state-dependent Markovian
open queueing network. We rely on the mathematical framework of Mandelbaum et al. [53], which
provides us with a general solution that is suitable for time-varying arrivals, and time-varying
staffing policies. Note that with general time-varying arrival rates, the ODE (Ordinary Differential
Equation) system that we develop here is unlikely to be tractable analytically. Nevertheless, we can

solve it numerically.

=

Theorem 2. If S; are exponentially distributed then (5.2) is given by the unique solution of the
following ODE:

L Ra(t) = M+ 0Ro(t) — B (),
d (5.3)
%RQ(t) = puRi(t) — 6Ra(t).

The initial condition is: R(—oo) = (0,0).

Proof: see Appendix A.2 on page 149.
This form of the offered load function can be easily solved numerically, using a simple spreadsheet
or a mathematical program. We have used this method for calculating R(t) for the experiments in

Sections 6 and 7.
5.2 Offered-Load Approximation for General Arrival-Rate Functions with Gen-
eral Service-Time Distribution

In this section, we develop approximate solutions for general arrival rate functions with general

service-time distributions. This provides a practical method for calculating the offered load, as well
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as insights on the effect of re-entering customers on system’s performance. The term E[A] (¢t — S; )]
in the offered load function (5.1) is difficult to compute because we have a stochastic time-lag
within the arrival rate function. Eick et al. [22] solved this problem by approximating the arrival
rate using smoothing methods. Approximating A(¢) as a polynomial function enables one to express

this expectation in terms of moments of S; .. We use the same method here.

5.2.1 Linear Arrival Rate Functions and First-Order Taylor-Series Approximations.

In some environments, A(¢) is not constant but has a trend. This can be approximated by a linear

function of the following form:
ANt)=a+bt, t>0. (5.4)

Proposition 1. For \ linear, as in (5.4),

ElS] , »
l-p (1-p)

A (t — E[S1.] - 1’%}9 (E[S]+E [52])) .

Ry(t) = At = E[S1e]) s E[S1(E[S1] + E[S:]) -

_ E[S1]
-1

Proof: see Appendix A.2 on page 150.

Note that A(t — E [Sq e])]?[il)] is exactly the first-order Erlang-C approximation for R(t), when

)

the arrival rate is multiplied by ﬁ, which is the average number of visits in a Needy state. When

b is positive, the offered load of the Erlang-C model will exceed that of the Erlang-R model, and vice
versa. The second representation emphasizes the time-lag between the offered load and the arrival
rate. The time-lag is the sum of expected Needy and Content time durations. However, the linear
case is not rich enough to separate the amplitude and phase effects. To do this, we later use the

sinusoidal case. Nevertheless, these observations already justify the following conclusion:

Conclusion 1. When the arrival rate is a non-constant linear function, with b # 0, using Erlang-
C model, when customers re-enter the system, will over- or under-estimate the number of servers

required, as compared with the corresponding Erlang-R model.

This conclusion is also based on the connection between the offered load measure and staffing
levels, as explained in the introduction.
The linear function results could be generalized to a wider sets of arrival rates using a first-order

Taylor-series approximation. This approximation takes the form:
At —u) =At) = XV (u  for u>0, (5.5)
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where A1 () is the derivative of \(t) evaluated at time t. Using this expression, one develops the

first-order approximation of R;(t) as follows:

Corollary 1. For linear approzimations of A(t), as in (5.5),

Ba(t) = 2N - (1)~ AV L EIS (B [51] + B 52 -
:E[Sl])\<t—E[Sle]—p(E[Sl]JrE[Sge])). |
1—p ’ 1—p ’

5.2.2 Quadratic Arrival Rate Functions and Second-Order Taylor-Series Approxima-

tions.
We now consider a second-order Taylor-series approximation for the arrival-rate function \(¢):
2
At —u) = At) = AD(t)u + A\@ (t)% for u>0, (5.7)

where M%) (t) is the k** derivative of A(t) evaluated at time t. Then, from (5.7) and (5.2) we get the

following approximation for R;(t):

Theorem 3. For a quadratic approximations of \(t), as in (5.7),

E[Sy] [A (t _E[S1,] - 1% (E[S1] + E[S2])>

Ryi(t) =
I=p N (5.8)

1 p p
#3200 (VARIS: )+ 12 (v ARIS) + VARIS) + L s+ i)

Proof: see Appendix A.2 on page 151.
This expression differs from the second-order Taylor-series approximation of Erlang-C, both in

time-lag and amplitude. Erlang-C’s second-order approximation, as given in Whitt [72], is:
1
R(t) = E[S] [A(t — E[S.]) + EA(Q)(t)VAR[Se] .

Whitt interpreted the first moment of S, as the deterministic time-lag between R(t) and A(t), and
the second moment as a deterministic magnitude shift.

In Erlang-R, the situation becomes more complex, which will be easier to interpret using the
following notation: Let us define M as the number of returns to service; M ~ Geom>o(1 —p). Then

we can rewrite R (¢) as follows:

R() = T2 [A (e B 51, - B M) (B (1] + E[S2)

+%)\(2)(t) (VAR[SLS] + E[M](VAR[S1] + VAR[Ss]) + VAR[M] (E[S1] + E[Sz])Q)}

_ f[sﬂ (At - E[S1.] - EIMIE[S) + S2))

-p
% A2 (1) (VAR[SLQ] + E[M]VARI[S; + S3] + VAR[M] (E[S1 + Sz]f)] :
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The last equality is due to the independence of S; and S3. This representation emphasizes that the
deterministic time-lag is not solely a function of 57 ., but an average of the total cycles time plus one
last residual service. By Wald’s identity, the average of total cycles time is E[M] (E [S1] + E [S2]),
and its variance is E[M]V AR[S) + So] + VAR[M] (E[S; + S5])?. Therefore, the deterministic mag-
nitude shift is also not only a function of the variance of Si ., but the second moment of the total
average cycles length plus the last residual service.

We will demonstrate the effect of these differences in further detail in Sections 6.1 and 5.3.2.

5.3 Analysis of Special Cases and Managerial Insights: The Offered-Load for

Sinusoidal Arrival Rate

In this section, we analyze the offered-load expression for the special case of sinusoidal arrival rate.
There are two reasons for using the sine function: First, any periodic time-varying arrival rate
could be expressed by a combination of sine functions, via time-series methods. Second, using a
sine function enables us to compute a closed-form solution to the offered-load function in some
special cases which, in turn, reveals mathematically the behavior of the offered load. Therefore, this
example will give us a more precise understanding of the role of frequency, service, and delay times

in our system.

Define
At) = A + Ak sin (2nt/f) = A\ + Ak sin (wt), t>0,

where ) is the average arrival rate, x is the relative amplitude, f is the period, and w is the frequency.

Incorporating this arrival rate into (5.2) yields

Ri(t) =) P E[SI|E {5\ + Arsin (Wt — S1e — 877 — S;j))}
=0

— iij[sl]X + iij[Sl]E [Xn sin (w(t — Sy — S} — S;‘j))] (5.9)
j=0 J=0
= lipE[Sl] + E[S1] k ip]E [Sin (w (t —Sie— Sfj — S;J)ﬂ .

j=0
From (5.9) it is obvious that the amplitude of R;(t) is determined by the infinite sum expression.
Using the sine formula sin(z — y) = sinz cosy — siny cos x, we get
A o . .
Ri(t) = ﬂE[sl] + E[Si)Ak Y _p'E [sin (w(t)) cos (W(S1e + Si7 + S57))
j=0

—sin (w(S1e 4+ S + S37)) cos (w(t)| . (5.10)
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The same analysis could be performed by examining A" (t) over time.

M () = 1i +)\/£Zp7E[sm< ( - Sy —S;j)ﬂ

A\ (5.11)
- 1ﬁijo'+’A“5§531”19[Sh1<u%t>>cos<uJ09fj-+‘9;j>>——sin(u)osfj-+‘9;j>>cos<u«t>> :

Substituting A" (¢) into (5.1) will form the same R(t) expressions. Using A1 (t), we see that the
amplitude of the total arrival rate is determined by the expression P E[E[sin(w(t — Sikj - S;j )]l

5.3.1 Exponential Service Times

We will now analyze (5.10) for the case of exponential service times. We assume that S7 ~ exp(u)

and Sy ~ exp(d).

Theorem 4. Assuming S; is exponentially distributed, (5.10) has the following form:

ESB [ 0w Gt
Rit)=7—+2 \/(M—iw)(é—iw)—pw (1 + iw) (0 + iw) — ppd

cos (wt + 7 + tan"1(0))

iw)
iw)—ppo T it

iw) _
w) ppd  (ptiw

d+iw)

Otriw)—pus _ —p(=0° + pd* — w?)
d+iw) B 2 2 )
T w(0? + w? + pud)

5—
=
5—

=

|~ =~

Proof: see Appendix A.3 on page 152.
Therefore, the amplitude of Ry(t) is given by

5. (6 — iw) ' (0 + iw)
Amp(Bi(t)) = A \/(,u —iw)(0 —iw) —pud (4 iw)(d + iw) — pud

and the phase shift of R;(t) with respect to the entrance arrival rate is given by

1y (6% = pd® +w?)
Phase(Ri(t)) = %cot (w(52 T )

The same expansion could be performed for ] (¢):

Theorem 5. Assuming that S; is exponentially distributed, (5.11) has the following form:

A (p—iw)(0 — iw) (1 +iw) (0 + iw) _
Aﬂ)1—+Mwwwmwamﬂwwwwwwmww”””mW”

where

(p—iw)(0—iw) (ptiw) (0 +iw)
o — ;. Bl —pud * i) 6 +iw)—pid _ w262 + wt + WPpud 4 6% — pPpd? + pPw?
- (p—iw)(0—iw) (ptiw)(d+iw) :
(n—iw)(0—iw)—pud — (utiw)(6+iw)—pud Heopd(p +9)
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Proof: see Appendix A.3 on page 154.
Therefore, the amplitude of ] (¢) is given by

(p—iw)(d —iw)  (p+iw)(d + iw)
(1 —iw)(0 —iw) —pud  (p+ iw) (6 +iw) — pud’

Amp(X{ (1)) = M\/

and the phase shift of A\{ () with respect to the entrance arrival rate is given by

1 <w252 + wt + WPpud + 26 — p2pd? + ,u2w2>
2w

Phase(\T(t)) = —cot ™!

Note that there is a simple relation between the amplitudes of R(t) and [ (¢).

Amp(R1(t)) = Amp(X{ () v/ + 2.

This relation separates two influences on the offered-load amplitude: Amp(A{ (t)) represents the
influence of returning customers, and \/p2 + w? the influence of the last service.

To further investigate the relative amplitude of the offered load (R;(t)) and the aggregate arrival
rate (A (¢)), we state the following proposition that highlights some of the limits of R (t) and A{ (¢)

with respect to w and §:

Proposition 2. In the case of sinusoidal arrival rates and exponential service times, if u and § are

fized, it follows that:

) . E[S]A )
lim Ry(t) = lim + E[S K sin (wt),
w—0 1( ) w—0 —p [ l]u(]. —p) ( )
, E[S1]A
1 — A
) =7
ili)ﬂ A () = 3}13% T +1 _p/isin (wt),
— A
‘}Lngo A (1) = wlggo T + Ak sin (wt),
and if 4 and w are fized,
. E[Sl]j\ ;\/ﬂ? .
| = —
lim Ri(t) - + e (psin (wt) — wcos (wt)) ,
. E[Sl]j\ S\H .
611}121(3 Ry(t) = - + (TS ((1 = p)psin (wt) — w cos (wt)) .

Proof: see Appendix A.3 on page 155.
We will use a numerical example to demonstrate the relative amplitude behavior. Figure 4 shows
the amplitude of Ry (t) and A (¢) with respect to the amplitude of A() (which is Ak), as a function

of w (i.e., when p and ¢ are fixed). We observe that, in the range (0, 00) the relative amplitude of
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Figure 4: Plot of relative amplitude of R (t) and \{ (t) with respect to w

R (1) is a decreasing function of w, starting from the value ﬁ, and decreasing to 0 as w — o0.

On the other hand, A\{ (¢) starts from the value ﬁ, and tends to 1 as w — oo. Figure 5 shows the
amplitude of R;(t) with respect to the amplitude of A\(¢), as a function of w and 0 (when p = 0.5).

We observe that, in the range (0, 00), the relative amplitude of R;(t) is an increasing function of 4,

E[Sl]j\

1 and increasing to =

the extreme values of R;(t) are max;(R;(t)) =

Ak
=t Ve as § — oo. When 6 — 0

E[Sﬂ;\ Ak
= + W When § — oo the extreme values

starting from the value

of R;(t) are max;(R;(t)) = El[il;\ + \/(17p5;§#2+w2'

Figure 6 shows the phase shift of Ry(¢) from A(¢) as a function of w. This phase shift is the sum
of two phases: the phase between R;(t) and A (¢), and the phase between A (t) and A(t). One is

due to returning customers, and the other is due to the last service.

5.3.2 Comparison to Erlang-C

In this section, we compare the amplitude and phase shift of the offered-loads for Erlang-C with
those of the Erlang-R model.

The amplitude of the offered-load in Erlang-C is given by: Amp(R(t)) = \/%, and its phase
4w

shift is ¢ = %cot_1 (1n/w) (See [21]). We compare the Erlang-R model to an Erlang-C model with

concatenated services (i.e. service rate equals (1 — p)u), and an arrival rate of A(¢). We call this
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Figure 5: Plot of relative amplitude of R;(t) with respect to  and w

0.14

0.12

0.10

0.08

0.06

Relative Phase

0.04

0.02

0.00

— R1(t)-A(t)

— = A1)
R1(t)-A+(t)

LEREN

/ N

/] N\
foo

N
N
/ )
~
~
~
R ~
0.0 0.5 1.1 1.6 2.1 2.6
Omega

Figure 6: The relative phase between R;(t) and A(t) as a function of w
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Erlang-C model a multi-service Erlang-C. The ratio between the amplitudes is given by

3 (6—iw) ) (6+iw)
. Amp(Rl(t)) . )\K\/(u—iw)((s—iw)—pud (p+iw) (0+iw) —pud
AmpRatio = = =
Amp(Re(t)) 2
(I=p)u)?+w?

B 62 + w? / 1
(1 = iw)(d = iw) — ppd) (1 + iw)(d +iw) — pud)" /(1 = p)u)? + w?
and the ratio between the phase shifts is given by

e 1 (=02 4pd? )
Phase(Ra(t)) ™ (Eert ) (” - 2tan ( ST pd)
Phase(R<(t)) col—1 (%) <7T — 9%an—! ((l—wp)u>>

Theorem 6. When the arrival rate is sinusoidal and the service times are exponentially distributed:

1. The amplitude of the offered-load under Erlang-R model is smaller than the amplitude of the

offered-load under multi-service Erlang-C model, for every set of parameters.
2. The amplitude ratio gets its minimal value when w = \/dp(1 — p).

Proof: see Appendix A.4 on page 157.

The first part of the theorem states that the amplitude ratio is smaller than one, and implies that
returning customers have a stabilizing effect on the system. An example of the difference between
the amplitudes is given in the left diagram of Figure 7. Having a smaller amplitude means that for
some part of the cycle, R;(t) is higher, and in the other part R°(¢) will be higher, as shown in Figure
8. The implication will be that Erlang-C will over- or under- staff. To understand the impact of
this analysis on service level, refer to Section 6. The second part of the theorem identifies the cases
in which the difference between the amplitudes is higher. Note that the EW environment is one in
which the parameters of p, u,d and w are such that the ratio is close to its minimal value.

The phase ratio as a function of w (see the right diagram of Figure 7) is larger than one up to
w =4/ w, and from that point onward it is smaller than one. Therefore, for certain values
of w, the Erlang-C offered load leads the Erlang-R offered load and for other values it lags behind,
as shown in Figure 9.

From Theorems 2 and 6 we can gain an understanding when the influence of the returning

customers is most significant and thus requires the use of the Erlang-R model.

Corollary 2. When the arrival rate is sinusoidal and the service times are exponentially distributed,
ifw ™\, 0, w oo, ord / oo the difference between the offered-load of Erlang-R and Erlang-C

becomes negligible.
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An intuitive explanation for this finding is that when w tends to infinity, the arrival rate changes
so slowly that the system reaches a steady-state. In this case, the offered-load becomes constant;
this is true for both the Erlang-C and Erlang-R models. When w tends to zero, the arrival rate
changes so rapidly that its changes are assimilated in the variance of the arrival process. As ¢ tends
to infinity, customers immediately return to the Needy state; thus the system behaves as if the

services were concatenated.
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6 Validation of MOL Staffing

We now propose a staffing procedure for the Erlang-R model. In Section 4 we showed that the
steady-state marginal distribution of the Needy state is identical both in Erlang-C and Erlang-R
models. Therefore, if the arrival rate is constant, and the system is in a steady state, the staffing
recommendations will also be equal. There is thus no need to use the more complex Erlang-R model
to determine staffing in this case. More precisely, if we want the system to operate in the QED
regime, we should use the square-root formula s = R + 3v/R, where R is the offered load given
by R = ﬁE [S1] and 3 is chosen according to the Halfin-Whitt formula [39]. On the other hand,
if the arrival rate is time varying, there is a difference between the two models. For time varying
environments, we propose the use of the MOL approximation (e.g. Massey and Whitt [60]). We
will compare it to two other approaches: time-varying Erlang-C model and the PSA (Piecewise

Stationary Analysis) approximation.

The MOL Algorithm for Erlang-R runs as follows:

1. Calculate the time-varying offered load R(t); in the case of exponential service times simply

solve the differential equations (5.3).

2. Staff according to the square-root formula: s(t) = R(t)+ 34/ R(t), where 3 is chosen according
to the steady-state Halfin-Whitt formula.

The second stage takes place because both the Erlang-R and Erlang-C have the same steady-state
marginal distribution for the Needy state.

We use simulation to validate this approach. In the first case study we consider sinusoidal arrival
rates in a large system and, in the second, a small system with an arrival-rate shape that is typical

of hospitals. We now describe each of the case studies.

6.1 Case Study 1 - Large System; Sinusoidal Arrival Rates; Exponential Service

Times

In this case study, we validate our assumption (based on Feldman et al. [26]) that the MOL algo-
rithm stabilizes system’s performance over time. The main performance measure we consider is the
probability of waiting (P(W > 0)), but other performance measures are also considered. We will
use a stylized arrival rate with a sinusoidal shape. To this end, define the following arrival rate

function:
At = A+ Awsin(2mt /) = X + Aksin(wt),
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where ) is the average arrival rate,  is the relative amplitude, and v is the period length (w is the
frequency).

We use relatively large X since we start our validation process in a large system, where the asymptotic
approximations are expected to work well.

The parameters of this experiment are: A = 30 customers per hour, p = 2/3, k = 0.2, ¢ = 24
hours, p =1, § = 0.5, and § € 0.1,0.2,0.3,0.4,0.5,0.7,0.9, 1.0, 1.5. Figure 10 shows the behavior
of the fluid solution (5.3) over time. It presents the arrival rate (A(t)), the aggregated arrival rate
(A{ (?)), the numerical solution of the offered load in Needy state (Ri(t)), and the recommended
staffing when 5 = 0.2. Note that p = 2/3 means that the average number of cycles for each customer
is three. Therefore, we can see clearly that )\f(t) varies around 90, as expected by the expression

(5.11). We also observe the time-lag that exists between the arrival rate and the offered load.
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Figure 10: Case study 1 - Arrival rate, offered-load, and staffing

We have calculated s(t) according to the square-root formula: s(t) = R(t) + 3+/R(t), and
rounded the results. We used one hundred replications for each [ value. The left diagram in Figure
11 shows the performance measure P(WW > 0) over time for various values of 5. We see that
the performance measure is stable, which indicates that the MOL algorithm works well. The left
diagram in Figure 12 shows the changes in servers’ utilization over time for each value of 3. This

performance measure is also stable. Thus our staffing procedure not only stabilizes the service level
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but also server utilization. In the right diagram of Figure 12, we compare the average utilization
over time with the theoretical values. The latter were calculated using the steady-state solution of
our model, when given average values of A and s. We see that the two are almost identical. The
right diagram in Figure 11 shows the performance measure E[W] over time for various values of
B. We note that, as 3 grows, this measure becomes more stable. We also see that each value of 3
results in a different average value of E[W], and that the relative order between these values matches
the order of § values.

Figure 13 shows the conditional distribution of the waiting time given delay (W|W > 0), for
three values of § (0.1,0.5, and 1.4). We compare them to the steady-state theoretical distribution,
which is exponential with rate nu(l — p) (as stated in Theorem 1). The simulation results depict
the distribution of waiting times from all replication, over the entire time horizon. We observe a
very good fit for § = 0.5 (QED) and g = 1.4 (QD (Quality Driven)), but when £ is small (0.1-
ED (Efficiency Driven)), the theoretical distribution does not match well the simulation results.
This is in line with our observations for E[W], where small values of beta give rise to performance
that varies in time and thus does not correspond to steady-state. Figure 14 shows the performance
measure P(W > T') (the probability to wait more than 7" units of time) over time, for various values

of 3. We used a value of T'= 5 minutes. We note that again the performance measure is stable.
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Figure 11: Case study 1 - Simulation results for various [ values in large systems

As mentioned before, we expect the relation between P(W > 0) and f to fit the Halfin-Whitt
formula. We have validated this by calculating the average waiting probability over time for each
value of (3, and compared it to the Halfin-Whitt formula [39]. In Figure 15, the two are very similar
to each other.

We conclude this case study with the following
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Conclusion 2. For a large enough system in the QED regime (5 > 0.3), the MOL approach stabilizes
all performance measures. Consequently, any pre-specified QED service level can be achieved stably

over time.

In many applications, researchers use the Erlang-C to model systems in which customers return
multiple times for service. For example, Green [33, 34] used the Lag-SIPP approach based on M/M/s
(Erlang-C) for staffing doctors at an EW. We would like to compare the outcome of using Erlang-R
staffing against that of using Erlang-C staffing, the latter based on one of two methods: MOL and
PSA. (We are using MOL since it is known to work very well for Erlang-C [26].) The performance
measure we focus on is the delay probability, setting its target level to 0.5 (hence 3 = 0.5). The left
diagram of Figure 16 shows that using Erlang-R stabilizes the probability of waiting, but the use
of Erlang-C does not. As one can anticipate, using a simpler method such as PSA is even worse,
resulting in a less stable system. This is because PSA uses the following approximation for the
offered load: R(t) = 5\(75)%‘1]. PSA staffing does not take into account either the time-lag or the
reentrant effects.

The differences in performance have a very simple explanation, when one considers the offered-
load function R(t), calculated for each method (see the right diagram of Figure 16). We observe that
for one half of the cycle, Erlang-C will over- estimate R(t), resulting in over staffing which, in turn,
results in a better performance than specified. However, in the other half cycle, the opposite occurs,

causing the performance to be worse than specified. Erlang-R, in contrast, stabilize performance
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Figure 16: Case study 1 - Comparison between Erlang-R, Erlang-C, and PSA

6.2 Case Study 2 - Small System; Hospitals’ Arrival Rates

In the second case study, we investigate the use of the MOL algorithm in small systems, specifically
in setting staffing levels for EW physicians. We also take a more complex arrival rate, namely the
actual arrival rate function of the Emergency Ward from Figure 17. Values for p, u, and § were also
inferred from that EW data, as will be articulated in the sequel. Our goal, as before, is to verify
whether staffing according to the MOL algorithm stabilizes performance over time.

There are obvious problems in applying our MOL approach in small systems. First, our ap-
proximations are expected to be less accurate, being limits as systems grow indefinitely. (In our
simulation, the number of servers changes between one and eight.) Second, rounding a ”theoretical”
need of 1.5 servers up to two servers means adding 30% excess capacity to the required capacity,
which suggests difficulties in stablizing performance around pre-specified values. Relate to this is the
fact that the set of feasibly performance measures is manifestly discrte for small systmes: changing
staffing level of a small system by a single server could significantly change its performance. Finally,
one can not have an EW operate with no doctors, and for small servers this lower bound of 1 plays
a binding role. It is therefore unclear whether, under these circumstances, we shall still be able to
stabilize the systems’ performance around a predetermined value. We do show, nevertheless, that
it is possible to stablize even such small systems, given specific (though not all, which is expected)
target performance levels.

The parameters of this experiment are: A = 9 customers per hour, p = 0.69697, 1 = 10.9,
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3 range s | P(W >0)
0, 0.474] 3| 82.4%
(0.474,1.055] | 4 |  34.0%
(1.055,1.658] | 5 11.4%
(1.658,2.261] | 6 |  3.0%
1.658 and up | 7 0%

Table 1: An example of discrete P(W > 0) as a function of § in small systems

0 = 2.3, and § € {0.1,0.5,1.0,1.5}. The reason to select only four values of /3 is that, as stated

before, in such a small system one cannot achieve all values of P(W > 0). For example, if A = 9 and

is constant over time, the offered load is R = (1—)\p)u = (1_0.6%7)10_9 = 2.75. The values P(W > 0)
can then have are shown in Table 1. No pure staffing strategy can obtain values between the values
shown in the table. A randomized staffing policy can reach other values, but it is not a valid option
from a practical point of view, and does not agree with our primary goal that all customers enjoy
the same service level at all times.

As before, we calculated s(t) according to the square-root formula, rounded the results to the
nearest integer, and used one hundred replication for each 3 value. The left diagram in Figure 18
shows the performance measure P(W > 0) over time, for various values of 3. We see that, the
performance measure is relatively stable, and that the four scenarios are separable. Therefore, we
conclude that the MOL algorithm works well even in very small systems. The right diagram in
Figure 18 shows the performance measure E[W] over time for various values of 3. We see that, for
very small s, such as 0.1, E[W] is not stable; but for larger values it is. In addition, we observe

that the four scenarios are again separable.
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Figure 18: Case study 2 - Simulation results for various 3 values in small systems

As before, we seek to verify whether the relation between P(W > 0) and f fits the Halfin-Whitt
formula. The left diagram in Figure 19 shows the relation between these functions when we consider
the target O values used in the square-root formula. We see that, in most cases, the empirical
function is shifted downwards, and that the gap between the two is reduced as 3 grows. This is
mainly due to the rounding procedure. When (3 is very small (0.1), the difference between the target
0 and the one actually used is very large. For example, the average 3 used, in the 0.1 case, is 0.435;
it is four times greater than the value we planned. In this case, therefore, we get much better service
performance than the planned performance. In order to eliminate this effect, we look at the relation
between these functions when we consider the effective § values actually used, after the rounding
process. This is shown in the right diagram in Figure 19. We see that the two functions have the
same shape but that the empirical function is shifted upwards. The gap between them appears to
be constant. This seems to be the effect of using asymptotic approximations in such a small system.
The practical guideline that can be derived from these graphs is that when one targets a specific
P(W > 0) value, s/he should use a smaller value of 3. One can use the left diagram to derive the
exact value. More research is needed in order to find the Halfin-Whitt function for small systems
while also considering the rounding effect. As a first step, one can develop such graphs using a

steady-state simulation of an Erlang-C model. We can conclude as follows:

Conclusion 3. The MOL approach stabilizes most performance measures of small systems. In
order to achieve a pre-specified service level, one should use a smaller value of 3, smaller than that

specified by the Halfin-Whitt formula.

As before, we again compare the performance of Erlang-C against Erlang-R. Figure 20 shows that
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Figure 19: Case study 2 - Comparison of the Halfin-Whitt formula to simulation results

there is a clear difference between the performance of Erlang-R and Erlang-C staffing procedures.

Erlang-R performances are significantly more stable, even in small systems.
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Figure 20: Case study 2 - Plot of P(W > 0) when using Erlang-R and Erlang-C in small system
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7 Using Erlang-R for Staffing EW Physicians: Fitting a Simple

Model to a Complex Reality

In the following case study, we check the possibility of using an Erlang-R model in planning a real
system. We will show that one can use the Erlang-R model for doctors’ staffing in an EW, although
the real system is much more complicated than our model. Specifically, it is obvious that some
of our main assumptions do not hold in this environment. For example, service times are need
not be exponentially distributed, and could depend on the load in the EW, as follows from [5, 20];
in particular, service rates need not be constant over the day. In this experiment we used a very
accurate and detailed EW simulation model which was developed by Marmor and Sinreich [58]. The
simulation is flexible in that it is easily adapted to a given EW. We fit the simulator to the EW of
a partner Israeli hospital, and then used the simulator as an accurate portrait of the complex EW
reality.

In our EW simulation, there are seven types of patients that enter the EW, and each one goes
through a different routing process during their stay. The doctors are divided into four groups,
according to their expertise. There is an explicit connection between patients’ type and doctors’
group. We simplify this complex system into Erlang-R. by setting, for each doctor and patient type

separately, the parameter values as follows:
e Arrival rate () is the average arrival rate for each hour of the day, as shown in Figure 17.

e Needy times (p = ﬁ) E[S,] is estimated by averaging all services given by a specific doctor

group to a specific patient’s type.

e Content times (6 = %) E[Ss] is the average time between successive visits of each patient

to the doctor.

e Probability of returning to the doctor for an additional service (p): This parameter is calculated

from the average number of visits of each patient to their doctor which we take to be ﬁ.

We calculated the offered load using the differential equations (5.3), and checked the staffing
recommendation in that simulation. Note that in this simulation, the doctors’ work is divided
between direct and indirect work. The indirect work is work not performed in front of the patient,
and has lower priority. We calculated the offered load of the total work. We assumed that changes in

staffing could be implemented in a one-hour resolution. For each interval we calculated the average
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number of doctors needed and rounded up to the nearest integer. We used one replication of one
hundred weeks; the first week was used as setup time, and was not considered in the results.

Figure 21 shows the number of doctors during the day, for each type of doctor, when (§ equals
0.5. We see that in this small system, the number of doctors varies between one and four. In
hospitals, of course, the minimal number of doctors is one (and not zero) since the EW should not
have a time without a doctor present. We also observe that the staffing function lags behind the
arrival rate function, with an approximate time-lag of two hours.

This system is a very small one. The result is the phenomenon shown in the left diagram of
Figure 22, which depicts the probability of waiting for four values of beta: 0.1, 0.5, 1.0, and 1.5. We
see that the four cases are not always clearly separable. This is typical of small systems, as we saw
in Section 6.2. For example, one can see in Figure 23 that the dips in P(W > 0) when 5 = 0.1 are
due to times in which the constraint of having at least one doctor of each type present is enforced.
In these times, the service levels are not those we aimed for, but the worst possible case. The right
diagram of Figure 22 shows the changes in E[W] over time for each 3. We see that, as we saw in
Case Study 2, E[W] is not stable for 5 = 0.1, but is stable for 5 > 0.5.

We conclude that despite the simplicity of the Erlang-R model, it captures the important aspects
of patients’ visits in the EW. Using an Erlang-R model, hospital managers can calculate the recom-
mended staffing for doctors. This is not always simple to implement since the next stage requires
taking shifts into consideration [61]. Note that the same structure could also be used when consid-
ering nurses’ work in the EW. It is worthwhile noting that staffing physicians is more challenging
than staffing nurses: the latter gives rise to a larger number of servers, hence MOL is expected to

be more accurate.
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8 Approximating the Number of Needy Customers and Waiting
Times in the QED Regime

In this section, we derive approximations for the actual number of customers in the system and the
virtual waiting time process. Usually, one uses fluid and diffusion approximations for this purpose.
In appendix B we develop the fluid and diffusion approximations for our system, based on the math-
ematical framework of Mandelbaum et al. [53] on time-varying queues, and show their usefulness
for analyzing mass-casualty events. Note that while it is clear that fluid approximations are very
useful in analyzing time-varying systems, these approximations are also useful in understanding the
transient behavior of systems with time-constant parameters [54]. For example, we might need to
evaluate the probability that the number of customers (patients) in the system will exceed a certain
threshold during a certain time horizon. This is useful when setting control rules for the EW, for
example starting special procedures such as ambulance diversion and calling for additional staffing.
The answer to such questions requires diffusion approximations, such as the ones we develop in
Appendix B.

These fluid and diffusion approximations are known to work well under the zero-measure as-
sumption (i.e. under the assumption that the time the system spends in critically-loaded values
is negligible; see for example Mandelbaum et al. [55]). In our case, when the system operates in
the QED regime, the system is critical at all times, and furthermore, the accuracy of QED ap-
proximation was not examined. The problem when using these approximations in the QED regime
is twofold: first, we have numerical difficulties in calculating the diffusion process itself since the
diffusion approximation is none-autonomous. Second, the fluid process itself has a different inter-
pretation under the QED regime: no longer does it represent the average behavior of its originating
stochastic system.

To understand the interpretation problem, we use the following example from Case Study 1.
The left diagram in Figure 25 shows the fluid solution of the process ng) (t) (the number of Needy
customers), as well as the following simulation results: the average number of customers in the
Needy state, and the average number of customers in service. We see that, although the fluid model
is supposed to represent the number of Needy customers in the QED regime, it fits perfectly the
number of customers in service and ignores the number of customers waiting in queue (for service).
This is because our MOL staffing procedure keeps the staffing level always slightly above the average
number of customers. Thus, the fluid approximation sees the system as if it had an infinite number

of servers, and actually calculates the number of busy servers, without the queue.
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In order to fill the gap and to estimate correctly the number of Needy customers (in queue and
in service), we will use the insight we obtained previously, namely, that under MOL staffing, the
system behaves as if the Needy state were a stationary M/M/s model (Erlang-C). Therefore, we
can use the stationary approximation of the Erlang-C model to estimate the number of customers
in the queue. Halfin and Whitt [39] approximated E[Q(o0)] by the following formula: E[Q;(c0)] =
% + ozﬁ (1 — $>_1 where a = P(W > 0) = [1 +ﬁ%}_l. We propose an MOL correction, to

adjust this formula to time-varying environments in the following way:

py s o B0 (1 EOY
E[Ql(t)] - R(t) + S(t) <1 S(t) > .

The right diagram in Figure 25 compares the corrected approximation to simulation results for

various 3 values. We see that the simulation and approximation are remarkably close.

110 120
105
100

95

-
B
S}

=
o
s}

o
o 9 )
(]
g 85 £ 9
= il
n gy i) umber in Service (Simulation)
> 7] =
O 75 8 80 ——simulation (beta 0.7)
..... i — Theoretical (beta 0.7)
70 Q-1 (Fluid) simulation (beta 0.5)
—— Average number in Service 70 —Theoretical (beta 0.5)
65 —simulation (beta 0.3)

60 —— Average number in Needy 0 — Theoretical (beta 0.3)
0 6 12 18 24 30 36 42 48 0 6 12 18 24 30 36 42 48
Time [Hour] Time [Hours]
Fluid vs. Simulation Corrected approximation vs. simulation
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We can also provide a correction to the E[W] function in the QED regime, using the following

expression:

o« R\ !
Ww“mﬁlwﬂ'

Experiments show that this correction works well for 5 > 0.3, as can be seen in Figure 26.
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9 Erlang-R: Conclusions and Future Research

In this first part, we developed a model that incorporates discontinuous services in time-varying
environments. We proposed an appropriate staffing procedure that balances the system in the QED
regime in a way that stabilizes both service-level performance measures and utility over time. We
validated our approach using simulation, and showed that it works well both in large and small
systems. We also showed that it works well in realistic cases, using an Emergency Ward simulation.
The Erlang-R model is general enough to capture various EW setting such as fast-track, triage
etc. In fact, we also incorporated natural operational constraints, such as minimal staffing levels
and maximal frequency of staffing changes. The problem of incorporating additional constraints,
for example those that result from regulations, is left for future research. This will require the
identification of constraints that can be accommodated by MOL-based methods, and then applying
some method of optimization via simulation [27, 7].

We demonstrated, both analytically and by examples, that using a simpler model (Erlang-C)
in Erlang-R situations could be detrimental. We also identified the circumstances in which the
differences are more significant. Lastly, we developed Taylor-series approximations to the offered-
load measure, for cases where it cannot be calculated explicitly.

In the future, we plan to simulate additional case studies, which will validate our model in more
complex situations, such as deterministic service times and log-normal service times.

We are also interested in the effect of priority schemes on staffing since, in some cases, one may
wish to give priority to patients that are on their first visit, or, alternatively, to patients who have
been in the system for a long time. Other priority schemes could (or rather must) take into account
clinical information, for example, the severity of the medical condition. More investigation is also
needed to find exact formulae for the relation between 8 and P(W > 0) for small systems.

An important extension could be made to accommodate abandonment of customers into our
model. This is a much more complex situation than in the simple Erlang-C model, since aban-
donment can take different patterns. In some cases, the customer will abandon only in the first
waiting; this is known as the Left Without Being Seen (LWBS) effect. In the hospital with which
we worked, we observed a different abandonment phenomenon: Some patients abandon the EW
somewhere between services. No one knows exactly in what stage, since these patients took their
medical records with them, and no one knows exactly why: was it due to the lengthy waiting period,
dissatisfaction with the medical staff, or financial reasons. We cannot simply assume, therefore, that

patients decide to abandon only due to waiting, and that abandonment rates are equal for the first
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and the returning visits. Lastly, we are also planning to analytically investigate the convergence of
the diffusion process under our staffing procedure. This may shed some light on the reasons why
our time-varying staffing rule works so well.

In subsequent parts, we extend the Erlang-R model by setting an upper limit on the number
of customers within the system. This situation is more complex and we model it via a semi-open

queueing network.
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Part 11

The Semi-Open Erlang-R Model

10 Introduction

10.1 QED Queues in Internal Ward Application

In this part of the thesis, we examine a different network with ReEntrant customers. It was build
to model Internal Wards (IW), in which the number of patients in the system is bounded. One
can consider this model also as an extension of the Nurse-To-Patient model of Jennings and de
Véricourt [45]. This extension accommodates jointly bed allocation and nurse staffing, in the QED
regime. Bed allocation determines blocking probabilities of the MUs; nurse staffing determines the
delay probabilities of patients waiting for medical care inside the MUs. The combination of these
two issues will allow us to determine the appropriate capacity planning while gaining a deeper
understanding of the relationship between bed allocation and nurse staffing, which are usually
considered separately.

More explicitly, we consider the following medical unit: the maximal number of beds available
is n and the number of nurses serving patients in the unit is s. Typically, the number of nurses
is fewer than the number of beds, i.e. s < n, which is assumed here as well. Patients in the unit
require the assistance of a nurse from time to time. When such assistance is required we refer to
the patient’s state as Needy. Otherwise, we call the patient’s state Content. When patients arrive,
they start in a needy state and then alternate between needy and content states. When patients
are discharged from the hospital, they leave from the needy state. The last treatment can thus
reflect the discharge process. After a patient leaves that medical unit, his bed needs to be made
available for a new patient. This is usually done by a cleaning crew and not by the nurses of the
unit. We will refer to that state of a bed as Cleaning. When patients become needy and an idle
nurse is available, they are immediately treated by a nurse. Otherwise, patients wait for an available
nurse. The queueing policy is FCFS. After completing treatment, a patient is discharged from the
hospital with probability 1 — p or goes back to a content state with probability p until additional
care procedures are required. We assume that the treatment times, are independent and identically
distributed (i.i.d.) as an exponential random variable with rate p and that the content times are
also i.i.d. exponential with rate . As noted above, after the discharge process the bedding must be

changed. We assume that cleaning times are i.i.d. exponential with rate o. We also assume that
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the needy, content, and cleaning times are independent of each other and of the arrival process.
The arrival process is assumed to be a Poisson process at rate A, constant over time. Another
major assumption concerning the arrivals is that if patients arrive at the MU in order to be hospi-
talized but the unit is full, they are diverted elsewhere, for example back to the Emergency Ward
(EW) or to other units of the hospital. Thus, one can view this as blocking of the unit; in this
situation we say that the MU is blocked and the request is lost (In a call center such a situation

corresponds to customers encountering a busy signal).

n beds
Patient is Needy
Arrivals @7 1-p @
> —> >
from A
the EW

p Patient discharge,
Bed in Cleaning

Patient is Content

Blocked
patients

Figure 27: The IW model as a semi-open queueing network

Remark: We would like to point out that the parameter n need not represent a constraint
on the physical capacity of an MU. Rather, it could also stand for an operational constraint on
the number of patients that can reside simultaneously within the system (in analogy to CONWIP
[70, 4]). Specifically, such a constraint would be reasonable in out of the EW, heavily-loaded EW’s,
where walking-patients can be delayed, if there is no risk for their deterioration. We model the MU
as a semi-open queuing system (see Figure 27) in Section 11 we reduce it to a closed Jackson network,
as will be shown later (see Figure 31), which yields a product-form steady-state. In Chapter 12 we
define some system measures to this network. These system measures are designed to enable us to

answer the following questions:

1. How many nurses should be planned for the unit? One can ask this in the context of either
providing reasonable service levels, or from the viewpoint of cost / profit optimization. An

answer to this question can be based, for example, on the following measures:

(a) What is the probability of waiting for a nurse?
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(b) What is the probability to wait more than 7" units of time?

2. How many beds should be planned for in the unit? This question could also be answered from
the viewpoint of service quality, i.e., providing reasonable availability, or from the viewpoint

of cost optimization. Again some measures should be calculated such as:

(a) What is the probability of blocking? i.e., the fraction of time that the system is in full

capacity, which translates into the percentage of patients not admitted upon arrival.

One should notice that the blocked patients are getting stuck in the EW which, in turn, can
result in reducing the available capacity of the EW itself, as well as hurting patients’ safety

and well-being.

Naturally, one would like the answers for Questions 1 and 2 to be synchronized.

Next, in Chapter 13, we define QED scaling for the system in Figure 27 in the following way:

A A .
5§ = (1_p)u+ﬁ mm(ﬁ), —00 < < 00 (i)
n—5:(1p)\p)6+i+n (11));))(5+’)\y+0(\[\) 0 <N <X (ii)

where p,u,6, and ~ are fixed model parameters. Term (ii) corresponds to requests queueing for
a nurse, and Term (i) corresponds to the effective capacity in the non-queue states. Now, the
QED limits of our performance measures can be calculated. For example, as A, s and n increase

indefinitely and simultaneously, according to the above QED scalings, and 3 # 0, then
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where W denotes waiting for nurse-service, 71 =n—f M ; ¢(+) and ®(-) are the standard
normal density and distribution functions, respectively. ThlS limit, together with several other
QED limits, are proven in Section 14. The result supports our definition of the QED regime (non-
degenerate delay probability). These limits enables us to better understand the dynamics of the
system and derive managerial insights of the behavior of the system in the QED regime.

Our model is closely related to the one in Khudyakov [49], where it was developed for a call center
with an Interactive Voice Response (IVR) system. In fact, all our heavy-traffic approximations have
the same structure as those in [49]. With this observation as a starting point, we introduce in Section

17 a generalization that covers both systems, as well as some additional modeling possibilities of
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our MU system. Note that Khudyakov’s model is general, in the sense that it covers various other
models such as the M/M/S/N loss system, M/M/N/N (Erlang-B), and M/M/S (Erlang-C). Our
generalization covers any semi-open network, with n spaces, with one service station with s servers,
and any finite number of delay procedures. We use it to develop steady-state approximations of the

time-varying semi-open Erlang-R model.

10.2 The Time-Varying Semi-Open Erlang-R Model

The IW model and the Erlang-R model are closely related. We can consider the IW model as a
generalization of the Erlang-R model with an additional upper bound on the number of customers
in the system (without the cleaning state). Therefore, we call it semi-open Erlang-R. Figure 28
depicts a graphical representation of this system. This model can also be used to represent EW in
which there is a restriction on the number of beds. In that case, the number of customer (patients)
is bounded by the number of spaces (beds) in the EW, which is n. Customers that are blocked are
thought of as being transfered to another system, for example using ambulance diversion procedures.

We wish to understand the significance of Reentrant customers in semi-open systems, as we did
for the open system. In this case, the natural comparison is not to the Erlang-C (M/M/s) model,
but to a corresponding loss system (M/M/s/n). Using our generalization from Section 17, we show
in Section 19 that the steady-state distribution of the semi-open Erlang-R system (Needy state)
and a loss system are different. The two systems become similar as the offered load ratio (B = %)
increases. We then develop MOL staffing rule for the time-varying semi-open Erlang-R model. It
is based on the offered load of the open Erlang-R model and the steady-state QED approximations

of the semi-open Erlang-R model. Using simulation we demonstrate that this approach works very

well in the QED regime, and stabilize both P(W > 0) and P(block) over time.
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Figure 28: The semi-open Erlang-R model
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10.3 Literature Review
10.3.1 Background on System Design

Due to the complexity of the Health-Care system, capacity management decisions are carried out
hierarchically. We will now shortly describe the whole process: forecasting demand, setting bed
capacity at the hospital level, setting the allocation of beds inside each individual hospital, setting
staffing levels, shifts scheduling and rescheduling. It is common practice to distinguish between
static- and dynamic-capacity decisions; usually these decisions are the charter of different manage-
ment teams. While static-capacity is hard to change and planning is made for long-term periods,
dynamic-capacity is flexible: namely, it can be adapted to changes in circumstances within a short
period of time. In the literature overview on capacity planning in health care, presented by Smith-
Daniels et al. [68], the following classification is proposed: facility resources planning (for example:
bed allocation) is separated from work-force resource planning (such as nurses and doctors staffing

and scheduling). In our literature review we use the same classification.

10.3.2 Managing Bed Capacity

Long-term capacity planning is based on forecasting the demand for inpatient services. The forecast
is based on mathematical models (such as time series) that predict the changes in inpatient demand
over long periods (i.e. months and years). For example, one can use the forecasting models of Jones
et al. [47], or Kao and Tung [48]. Based on this prediction policy makers can deduce the required
bed capacity of the hospital.

As in other service systems, in most Health-Care systems, the arrival rate of patients entering
the system varies over time. Over short periods of time, minute-by-minute for example, there is
significant stochastic variability in the number of arriving patients. Over longer periods of time,
the course of the day, the days of the week, the months of the year — there can also be predictable
variability, such as the seasonal patterns that arriving patients follow. Example of patterns in
admission of cardiac inpatients into EW, during an average day, can be found in de Bruin et al.
[19]. Harper and Shahani [42] have shown another example of changes in mean bed occupancy
through the months of the year of adult medical (as opposed to surgical) population, in a major UK
NHS Trust; this pattern could reflect the pattern of admissions, assuming that the bed capacity was
fixed during that period.

Because the service capacity cannot be inventoried, one should vary the number of available beds

and medical staff in the short-term, to track the predictable variations in the arrival rate of patients.
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If we do that, we are able to meet demand for service at a low cost, yet with acceptable delay times
and acceptable blocking rates. But despite of these patterns, it was common practice in the US, for
many years, to determine hospital bed capacity by using the mean bed occupancy measure. This
was done both by policy-makers and various levels of hospital management. Green [31] showed by
simple M/M/S queueing model that this method was wrong; in Europe, Harper and Shahani [42]
claiming the same, developed a simulation tool for fitting acceptable bed occupancy to the monthly
and daily arrival-rate patterns; the tool is based on the Length-of-Stay (LOS) statistics, and the
refusal rates. In Israel, bed capacities are determined by turnover rates per bed, and the forecasting
of future mean LOS.

The applications of Queueing model to solve beds’ allocation problems in not new. Green [31]
suggested the use of a simple M/M/S model while de Bruin et al. [18] proposed to solve the beds
allocation problem via a loss system (Erlang-B M/M/n/n). The latter is due to the fact that the
number of beds in the ward is limited, and if there is no space for a patient in the ward, the patient
is transformed to an alternative location for hospitalization.

As explained, the long- and short-term analysis of beds requirements are helping to determine
the appropriate bed allocation. Hospitals distinguish between maximal bed capacity and nominal
bed capacity. The former is the true physical constraint of the system, while the system is designed
to operate with the latter. Naturally, the maximal bed capacity itself is mostly fixed (in scale of
months). Therefore, the available capacity of the MU is practically determined by more flexible

elements such as the number of doctors and nurses.

10.3.3 Managing Work-Force Capacity

The work-force of a hospital includes nurses, doctors, laboratory workers and others. Most of these
human resources need very long and expensive training, and together contribute as much as 70%
of the hospital expenses. Nursing salaries make up the largest single element in hospital costs [67].
Thus, much attention is needed in managing the work-force capacity.

At the top of the work-force planning hierarchy, a long-term staffing problem is solved to ensure
that monthly staffing requirements are met. The problem is usually considered at the management
level, considering costs and the annual rate of personnel turnover, which reflects dissatisfaction,
differences in workload between wards, and seasonal variation in admission rates. Hospital staffing
involves determining the number of personnel of the required skills in order to meet predicted
requirements. It is sometimes referred to as nurse budgeting, or workforce scheduling in other

personnel planning environments. Burke et al. [13] reviewed some of the work on this subject.
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One can determine, using queueing models, the number of nurses which should be available to
serve patients over a given time slot. The staffing levels can vary between shifts or months, and track
the predictable variations in the arrival rates of patients. But so far, much more robust structures
are used; in 2004 in the US, the California Department of Health Services (CDHS) published a law
that specifies a nurse-to-patient ratios that determine the minimal staffing levels allowed [63]. In
other countries, such as Israel, staffing levels are determined by labor agreements. We will specify
only the last development in the field of Health-Care staffing models; in 2006, Jennings and de
Véricourt [45] used a queueing model, to develop new nurse-to-patient ratios, that are a function
of the MU size. These ratios were developed in the QED regime in order to balance the work-force
efficiency and the quality of care.

The next stage is to determine each nurse’s shifts using scheduling models. This planning stage
is often referred to in the literature as the Nurse Rostering Problem (NRP) or the Nurse Scheduling
Problem (NSP). Cheang et al. [16] defined the NRP as a procedure which involves producing a
periodic (weekly, fortnightly, or monthly) duty roster for nursing staff. The schedules are often
restricted by legal regulations, personnel policies, nurses’ preferences and many other requirements
that may be hospital-specific. These can be quite complex. Naturally, one of these constraints is
the minimal staffing level needed to satisfy the service standards, calculated in the previous stage.
There are several reviews of the different methods for NRP, the most recent being those of Cheang
et al. [16] and Burke et al. [13]. There are also some general survey papers in the area of personnel
rostering such as that of Ernst et al. [24].

After the scheduling phase comes the third step, which represents the lowest level of the hier-
archy: the reallocation of nurses. This phase is a fine-tuning of staffing and scheduling. It involves
determining how float nurses are assigned to units based on nonforecastable changes or absenteeism.

See, for example, Bard and Purnomo [8].

10.4 QED Queues in Internal Wards

As opposed to the hierarchy noted above, we suggest a unified method that will determine the bed
allocation and nurse staffing levels simultaneously, in the QED regime. We shall focus on QED
queues in order to balance patients clinical needs for timely service with the economical preferences
of the system to operate at maximal efficiency. We have shortly described the QED regime, and its
relevance to our environment, in Section 1.

The only work that viewed hospital queues in the QED regime is that of Jennings and de

Véricourt [45]. They analyzed the prevalent staffing practice of an a priori-fixed patient-to-nurse
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ratio (for example, 6-children-per-nurse in a pediatric ward). They showed that such a practice
results in either over- or under-staffing in large or small MUs respectively, which can be remedied
by square-root staffing. Their mathematical framework [46] is a special Jackson closed-network
(machine-repairmen) model of the MU, where the circulating customers are patients’ requests for
nursing assistance. (Randhawa and Kumar [66] is a related model, where losses replace the delays
in [45, 46].)

Jennings and de Véricourt [45, 46] considered the MU model as depicted in Figure 29. It is,
in fact, a M/M/s/oco/n queueing model. Specifically, there are n beds, all occupied by patients.
From time to time, these patients require the assistance of one of s nurses, in which case we refer
to the patients’ state as needy. Otherwise, their state is content. The state of patients alternate
between needy and content states. When patients become needy and an idle nurse is available, they
are immediately treated by a nurse. Otherwise, patients wait for an available nurse. The queueing
policy is FCFS. It is assumed that treatment times, i.e. needy-state times, are i.i.d. exponential with
rate p; content times are also i.i.d. exponential with rate A. It is also assumed that the needy and

content times are independent of each other.

n-s

Needy

exp(x)

n

Dormant
exp(4)

Figure 29: Jennings and de Véricourt’s model [45, 46]

Jennings and de Véricourt define the operation regimes for that system as follows: Let us define

Sn as the number of nurses in the n-th system, § = lim,_, %", and r = ﬁ then
o If 5 < r, the system operates in an Efficiency Driven (ED) staffing regime (7" > 0)
e If s = r, the system operates in a QED staffing regime (7" > 0 and small)
o If 5 > r, the system operates in a Quality Driven (QD) staffing regime (7" = 0)
where T is a fixed parameter, representing the required time for service. Then the appropriate
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QED staffing rule is: s, = [rn + 8y/n]. Naturally, the QED limit of the probability of delay was

calculated, and a central result of their article [46] is their

Proposition 3. The approzimate probability of delay has a nondegenerate limit o €

(0,1) if and only if B, = (s—" - 7“) Vn — 8, as n — oo, for some 3 € (—o0,00), with

n

o (-8 )\ "
*ﬁQ < 1”77)
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Here 7 :=1 —r.

Significantly, the QED regime is many-server asymptotic, as the number of servers increases indefi-
nitely. Yet it is also relevant for application in small systems, including nurse staffing, being able to
accommodate a small number of nurses (single-digit and above). This relevance is a consequence of
the surprising accuracy of square-root staffing, a fact discovered in [11] and also recently supported
by the results of Jennings and de Véricourt [45].

As mentioned before, the QED regime arises naturally as the mathematical framework for
patient-flows from the EW to the MUs. Indeed, consider the queueing times at the EW (resulting in
MU hospitalization) vs. the consequent Length-of-Stay (LOS) at the MUs: hours vs. days is typical.
Also, the number of beds (servers) in MUs of moderate-to-large hospitals is in the 10’s (35-50 beds
in each of 5 MUs, at the Technion affiliated hospital) - which is well within the accuracy limits of

QED asymptotics.

10.5 Research Objectives

The remainder of this part is organized as follows: the Internal Ward model we developed is intro-
duced in Section 11. System measures are defined in Section 12. The QED regime of the system
is described in Section 13. The development of heavy traffic limits, in the QED regime, of our
system-measures are detailed in Section 14. In Section 15 we compare the approximations with the
exact calculations, trying to define the ranges where the approximation is most accurate. In Section
16 we compare our model with other queueing models investigated in the past. A generalization of
our model and the appropriate QED asymptotics are presented in Section 17. A method for defining
Optimal Design is shown in Section 18. We then investigate in Section 19 the semi-open Erlang-R
model in time-varying environments, and compare it to a loss system. Section 20 conclude the
analysis with some managerial insights of the behavior of the system in the QED regime. Finally,

conclusions and suggestions for further research are discussed in Section 21.
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11 An Extended Nurse-to-Patient Model

11.1 The Medical Unit: Internal Ward (IW)

We consider the following medical unit: the maximal number of beds available is n and the number
of nurses serving patients in the unit is s. Typically, the number of nurses is fewer than the number
of beds, i.e. s < n, which is assumed here as well. Patients in the unit require the assistance of a
nurse from time to time. When such assistance is required we refer to the patient’s state as needy.
Otherwise, we call the patient’s state dormant. When patients arrive, they start in a needy state and
then alternate between needy and dormant states. When patients are discharged from the hospital,
they leave from the needy state. The last treatment can thus reflect the discharge process. After
a patient leaves that medical unit, his bed needs to be made available for a new patient. This is
usually done by a cleaning crew and not by the nurses of the unit. We will refer to that state of a
bed as cleaning. When patients become needy and an idle nurse is available, they are immediately
treated by a nurse. Otherwise, patients wait for an available nurse. The queueing policy is FCFS.
After completing treatment, a patient is discharged from the hospital with probability 1 — p or
goes back to a dormant state with probability p until additional care procedures are required. We
assume that the treatment times, are i.i.d. as an exponential random variable with rate p and that
the dormant times are also i.i.d. exponential with rate §. As noted above, after the discharge process
the bedding must be changed. We assume that cleaning times are i.i.d. exponential with rate o. We
also assume that the needy, dormant, and cleaning times are independent of each other and of the
arrival process.

The arrival process is assumed to be a Poisson process at rate A. Another major assumption
concerning the arrivals is that if patients arrive at the MU in order to be hospitalized but the unit
is full, they are diverted elsewhere, for example back to the EW or to other units of the hospital.
Thus, one can view this as blocking of the unit; in this situation we say that the MU is blocked and
the request is lost. (In a call center such a situation corresponds to customers encountering a busy
signal).

To this end, the MU is modeled as the semi-open queueing network. For reading convenience,

we reconstruct the IW model form Figure 27, here as well.
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Figure 30: The IW model as a semi-open queueing network

11.2 The Model

The analysis of the above semi-open network can be reduced to that of a closed Jackson network!,
which yields a product-form steady-state. A scheme of our model in this form appears in Figure 31.
This is done by representing our model of the medical unit as a system with four nodes. Node 1
represents beds with patients in a needy state. Node 2 represents beds with patients in a dormant
state. For convenience, we sometimes refer to a bed with a patient as simply a patient. Node 3
represents beds in preparation, i.e. in a cleaning state. Node 4 represents prepared beds, awaiting
a patient. Nodes 1 to 3 are all multi-server queues. The first node can handle, at most, s patients
at one time. The second and third nodes can “handle” or contain at most n patients at a time.
Node 4, which is a single-server queue, represents the external arrival process into the unit as will
be explained later.

Let Q(t) = (N(t),D(t),C(t)) represent the number of beds in the needy, dormant or cleaning

states respectively. Since n is the maximum number of patients/beds in the system, i.e. needy,

LA Jackson network consists of several interconnected queues; it contains an arbitrary but finite number N of
service centers, each has an infinite queue. Let ¢ and j denote service stations in that network. The service discipline
is FCFS, where the service time in station 4 is drawn independently from the distribution exzp(u;); (we could have
state dependent service rates p;(n;)). Customers travel through the network according to transition probabilities.
Thus, a customer departing from station i chooses the queue in station j next with probability P;;. All the customers
are identical; they all follow the same rules of behavior. If the network is open then the arrivals from outside to the
network (source) arrive as a Poisson stream with rate A, and from each node there is at least one path to exit, i.e.
the probability that a customer entering the network will ultimately depart from the network is 1. If the network is

closed, there are no arrivals or departures hence, there is a constant population of customers in the network.
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Figure 31: The IW model as a closed Jackson network

dormant or in cleaning, then N(t) + D(t) + C(t) < n, for all £ > 0. The process @ is a finite-state
continuous-time Markov chain. The states of the chain will be denoted by the triplets {(, j, k)|i +
j+k<n,ijk>0} Astate (i,7, k) represents a situation where i needy patients are being served
or wait for service, j dormant patients are in the unit but need no service at the time, and k beds
are being prepared for future patients. i + j + k < n.

Our medical unit model can be viewed as part of a closed Jackson network. The first node
(needy) can be modeled as s servers with a queue in front of them, with an exponential service time
at a rate of u. The second node (dormant) is an infinite-server node, with an exponential service
time at a rate of §. The third node (cleaning) is also an infinite-server node, with an exponential
service time at rate of 7. A new patient can enter the unit only if N(¢) + D(t) + C(t) < n. Thus,

the process of admitting new patients into the unit has the intensity:

i) = A af i4+j+Ek<n,
0 otherwise.
In order to formulate this situation a fourth node has been added in which we have a single
exponential server of rate \.
Generally, this type of a closed Jackson network has the following product form solution for its

stationary distribution [30]:

ﬂl(i)ﬁz(f)ﬂ3(§)ﬂ4(?f) . 7
Wo(i,j, k, l) — Y atbtetrden TH(@)T2(b)m3(c)mt(d)

i+j+k+1l=n,
0 , otherwise.
Here 7" (i) is the steady state probability for node m, m = 1,2,3,4 (M/M/s, M/M/oo, M/M/o0,

M/M/1 respectively). The stationary probability (i, j, k) of having i needy patients, j dormant
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patients and k beds in cleaning can thus be written in a product form as follows:

(o V(Y)Y "
w(i,j, k) = o) ((1—p)u) 7! ((1—17)5) k! (w) » 0si4j+ksn,

0 , otherwise.

Here v(i) is defined as

oo 5 ) ) )

— ! \(I-pp (A-p)¥d ~

o~

(o) ()"

Note that 7 is also a function of n and s. In order to emphasize this dependence, we shall sometimes
use 7y, (+), T (), ete.

In this work we would like to focus on some managerial questions such as:

1. How many nurses should be planned for the unit? One can ask this in the context of providing
reasonable service levels, or from the viewpoint of cost / profit optimization. An answer to
this question can be based, for example, on the following measures:

(a) What is the probability of waiting for a nurse?
(b) What is the probability of waiting more than 7" units of time?
2. How many beds should be planned for in the unit? This question could also be answered from

the viewpoint of service quality, i.e., providing reasonable availability, or from the aspect of

cost optimization. Again some measures should be calculated such as:

(a) What is the probability of blocking? i.e., the amount of time when the system is in full
capacity (i + j + k = n), which translates into the percentage of patients not admitted
into the MU.

Naturally, one would like the answers for Questions 1 and 2 to be synchronized.
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11.3 Alternative Models

In the following chapters we will conduct a stationary analysis of the above stated model. Nev-
ertheless, we also suggest alternative ways to model the system, which we will use later for our
non-stationary analysis. In this chapter we defined several additional possibilities to model the
system. These models are illustrated by figures that show only the dormant and needy states (i.e.
without cleaning). In the following subsections, @; will always represent the number of patients at

node 7.

11.3.1 Proposal 1

In this first proposal, we assume that the arrival rate into the IW is linearly related to the occupancy
level of the ward; if the occupancy increases, the arrival rate decreases. This assumption capture
various effects: First, when total load is normal, if the hospital operates in a parallel setting, (i.e.
there are a few identical IWs in the hospital), there is usually someone that balances the system
by transferring patients among wards. Second, when the total load is high, there are balancing
effects that reduce arrival rates, such as diversions to other hospitals, and doctors that refrain from
referring additional patient during over-loaded periods.

The system is presented in Figure 32 in two alternative versions. We regard the situation as a
closed network, with a state-dependent arrival rate, in which A(Q) = A - (n — @1 — Q2), where Q
is the number of patients in the needy state, ()2 is the number of dormant patients, and n is the

number of beds in the ward.

11.3.2 Proposal 2

In this possibility, the arrival rate is fixed as long as there is a bed available in the system. This
is equivalent to the model presented in section 11.2, but without the cleaning state. The system is

presented in Figure 33.

11.3.3 Proposal 3

We propose another model that is presented in Figure 34. Here we relax the constraint on n and
ask the following question: What should s and n be so that the probability of waiting is less than
«a and the probability of exceeding n is less than (3, where the interpretation of having more than
n beds is that patients are attended to in the hospital corridors, for example. This is a realistic

scenario, since in spite of the fact that bed-allocation is considered as static-capacity, there is some
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Figure 33: Alternative model - Proposal 2
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flexibility in managing this resource; in time of need, one can add beds in rooms and corridors. In
addition, this alternative might be easier to solve. In this way p is state dependent but A is not,

and the system is purely open.
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Figure 34: Alternative model - Proposal 3

v

11.3.4 Proposal 4

In this model, which is presented in Figure 35, we separated the LOS of patients from the service
inside the medical department. The LOS is assumed to be exponential with mean 1/v and the size
of the population is restricted to n. When the patient is in the system he alternates between the

dormant and the needy states.
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Hospitalization:

exp(v),o
V' (Q) = VQz
Arrivals: Poiss(4)
A"Q)=A(n-Q)" > @ » Departure

Needy : exp(),S
K (Q)=pu(SAQ,)

_.@_

Dormant : exp(o),

5n(Q) = §(Q1 _Qz)+

()

Figure 35: Alternative model - Proposal 4

Q1
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12 Performance Measures

We now return to the first model, as stated in Chapter 11.2, and our further analysis is aimed

exclusively at this.

12.1 Probability of Blocking

From the stationary probability, we will now deduce the probability P, that there are [ beds occupied
in the system (0 <1 <n). The beds could be occupied by patients in needy or dormant states or in
the cleaning state. We will use the following relation
I 1—i
Pl:: Z W(i,j,k‘):ZZﬂ'Z], Z_])
4,7,k>0 =0 7=0
it+j+k=l

We distinguish two cases:

1. I <s:

2. 1>s:
Po= XY () d (02s) i
- (TS () 4 (
t T Xt (ﬁ)% ((@»)é)j = (?)H_J)
= 7fo<}! (e + a2 +2)

R SHZ o (= — ) ((1}p)u>i71! ((15)2)5>j (lfilfj)! @)l_i_j)

Thus,

1 A A A\
P=m|= -
e <“ ((1—p)u+(1—p)5+7>

ey Z Z (' s‘) <<1—A>>y1' <<1IiAp>5>j <1—z'1—j>! (i)l |

i=s5+1 j=0

where I{;~ ) is the indicator function.
One can derive from that expression the quantity P,, which is the probability of blocking of the

medical unit. P, will also be indicated as P(blocked).
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12.2 Probability of Waiting More Than t Units of Time and the Expected Wait-

ing Time

One of the important parameters of the level of service, is the time spent in-queue. This is the
time that a patient may have to wait to be treated. If a patient becomes needy when there are
already ¢ other needy patients in the unit, he will need to wait an in-queue random waiting time
that follows an Erlang distribution with (i — s + 1)* stages, each with rate su. The probability
that this Erlang-distributed random variable is greater than ¢ is e =5 Zé;%(sut)j /(j!). Clearly, the
patient only waits if ¢ > s.

Let W denote the steady state, in-queue waiting time for a hypothetical patient, who just
become needy, and denote p, s(t) as the tail of the steady state distribution of W, given n beds
and s nurses. Formally, p, s(t) = P(W > t). As a consequence of dealing with a closed system,
the total activation rate, i.e. the rate at which the collective stable patient population produces
needy patients, is modulated by the state of the system, i.e., by the number of needy, dormant and
cleaning beds. In addition, in order to calculate the tail of the steady state distribution of W, we

need to use the Arrival Theorem for closed networks, quoted here from Chen and Yao [17].

The Arrival Theorem. In a closed Jackson network, the arrival at (or the departure
from) any node observes time averages, with the job itself excluded. In particular, the
probability that the network is in state’ x — e; immediately before an arrival (or imme-
diately after a departure) epoch at node i is equal to the ergodic distribution, of a closed

network with one fewer job, in state x — e;.

Let 74 (x — ¢;), denote the probability that the system is in state 2 — e; at the arrival epoch
of a customer to node ¢. Thus, immediately after the arrival of a customer to node i, the state is
. Then the arriving customer sees before him the state x — e;, which corresponds to a network
with one fewer job. Then by the arrival theorem, we conclude that 74(z — ¢;) = m,_1(z — ¢;). In
particular for the needy state (node 1), 74(z — e1) = m_1(x — e1) = mp_1(i — 1,4, k).

The probability that a patient will get service immediately as he become needy is the sum of
probabilities that the customer arriving at the needy state will see fewer than s needy patients; by
the former notations it is equal to:

n—1 1| min{m,s—1}

P(W =0) :i > (i, m —1i,l —m). (12.2)

=0 m=0 1=0

2[17] refers to state z, rather than = — e; as we do; we believe [17] has a typo.
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The distribution function of the waiting time is:

n—1
PW <t)y=P(W=0)+ Z P(there are (i — s + 1) patients who ended
=5
their service on time < t|Arrival at the needy state found i needy patients)-
WA(i,m —i,l—m) =
e 4 " s (psa)
_ . R —psx
—0)-1—22271’ (t,m — 1,1 m)/0 (i s) e M dx

l=s m=s i=s

n—1 1 m i—s s h
0+ 2SS m it m)1 - Y U ey (12.3)

l=s m=s i=s h=0
n—1 1 min{m,s—1} n—1 1 m
:ZZ Z WA(i,m—z',l—m)—l—ZZZWA(i,m—i,l—m)
=0 m=0 =0 l=s m=s i=s
n—1 1 m i—S h
Ay (pst)" _
=22 > T im = L= m) Yy e
l=s m=s i=s h=
n—1 1 m i—S h
st _
S mliom it m) Y
l=s m=s i=s h=0

Therefore, the tail steady state distribution of W is

l 2 s
P(W >t) ZZZﬂnlzm iyl — )ZTe” (12.4)

l=s m=s i=s h=0

and the expected waiting time E[W] can be derived via this tail formula, i.e.,

o[RS

l=s m=s i=s =

:ZZZm1zm i,l—m Z/ ’uSt e Hstdt

=5 M=S {=s§

—Zzzm_l(i,m—i,l—m)z;

l=s m=s i=s

:722271'” 1(i,m—i,l—m)(i—s+1).

l=s m=s i=s

e Hstdt

(12.5)

This formula is exactly the same as the one found in Gross and Harris [38] pg. 193: In a closed

Jackson network with M/M/¢; nodes, the mean waiting time at node j for a network containing

n customers is E(W;(n)) = - Y1~ Yi— e+ )pj(i,n — 1) where p;(i,n — 1) is the marginal

1y Cj i=c;
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probability of ¢ in an (n — 1)-customer system at node j. Therefore, for our system

n—1
BOY) = 5 35+ Din =1
1 n—1 n—1 1
NN | i — i1 — 12.
MSZZ;(Z s+ )lz_;mz:lﬂ' 1(i,m —1i m) (12.6)

n—1 1 m
— ;ZZZ(Z — s+ Dmp_1(i,m —i,1 —m).

=i m=1 i1=s
12.3 Probability of Delay

The probability of delay in terms of previous definitions is P(W > 0). In order to find it we will again
use the Arrival Theorem for closed networks, cited earlier on Page 71. Accordingly, we can derive
performance measures of a medical unit with n beds and s nurses, by the steady-state distribution
of the same system with n — 1 beds and s nurses. The probability that a patient who becomes needy
has to wait, is the probability that a patient will find more than s needy patients in a system with
n beds, and this is exactly the steady-state probability of having more than s needy patients in a
system with n — 1 beds. By the notions of the arrival theorem, a patient entering node 1 (as he
arrives) sees the system in state x — e; with probability 7,_1(z — e;) (no matter where he cames
from). After his entrance the system state will be x. Therefore, if we want to know what is the
probability that the patient will see the station full, we need to add up the probabilities that in the
vector x — e the first element 1 — 1 will exceed s patients, i.e., we need to add together the arrival

probabilities of all « such that 1 —1 > s and |2| = ), 2; < n . Thus,

P(W >0) = Z iz —ep) = Z (i, 4, k)

z||z|<njz1—1>s i,5,kli+j+k<n—1,i>s
n—1 1 m (127)
= Zﬂn,l(i,j, k) = Z Z Zﬁn,l(i,m —i,l —m).
1>S l=s m=s i=s

Thus, for the system with n beds and s nurses, the percentage of patients which are required to wait
before being served, coincides with the probability that in a system with n — 1 beds and s nurses,

all the nurses are busy. Formally, P(W > 0) = P,_1(N(c0) > s).

12.4 Average Occupancy Level

The average occupancy level can be found by OC(n,s) =Y. ern:() Yoo mmy(i,m —i,l —m).
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13 The QED Regime

Consider a sequence of s-server queues, indexed by n. Let the arrival-rates A\, — oo, as n — o0,

eff
and fixed p the service-rate. Define the offered load by R, = )"L . The QED regime is achieved

by choosing A, and s, so that \/s,(1 — p,) — [, as n — oo, for some finite . Here p, = By

Sn
When patients have infinite patience, p, may be interpreted as the long-run servers’ utilization and
then one must have 0 < § < oo. Otherwise, p, is the offered load per server and —oco < § < 00 is

allowed. Equivalently, the staffing level is approximately given by

Sp =~ Ry, + B\ R, —o00 < f < oo.
In our system A/ = 2o R = _An_ apnd p, = 2o
" -pe L = Top) T (A-p)sp
Let A\, s and n tend to oo simultaneously so that:
5= —00 < f3 < o0, (i)

p)u (1 p)p

/ A A A 3
n—s=m —p 1_ + 2 (1_p)5+7+773\/;+0(\[\), (i)

— 00 < M, M2,M3 < 00.

First we reduce the number of parameters.

Theorem 7. Let A\, s and n tend to oo simultaneously. Then the conditions

§= —— p),u 1/(1 i — 00 < f3 < o0, (i)
n—Ss =114/ 1—p 1_ 5 T (1]:/\]9)5‘1‘?‘1‘773\/54‘0(\[\)7 (ii)

— 00 < M,N2,M3 <00

are equivalent to the conditions

A A

(i)szm—F,@ m—FO(ﬁ), —0 < <00

13.1
. PA A A A ( )
(ll)n—szm—l-;—i-n (1—719)6—’_;—’_0(\5\)’ —00 < n<oo

B 5 (1—p)o
where n = m WLM + 772\/%"" 773\/%'
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Proof. Clearly, one can rewrite the second condition in the form

&y
n—s=
GH¢NWP+@— V7p+1—- wr%l— )

PA A A

. Ky 1-p)d . .-
Setting n = 014/ m + 12, /m + 134/ % one obtains (13.1). The first condition

is the same. This proves the statement. ]

We can rewrite the QED condition (13.1) in the following form

n—s— 1”)‘5—5
)\lim 1-pld_ 7 =, —00 <N < 00 (i)
T Vahe s
A
. T U _ .
)\1:20\/5( (1—p)s,u) 3, 00 < f< oo (ii)

where the second term defines the situation on the servers (i.e. the effective space in the service
station) and the first term defines the effective space remaining in the “non-queue” stations.

For convenience we denote

A A A
Rv=—" Rp=-—""_
N a=pu P
and

A
(1—p)sp’

For some technical reasons we must distinguish between two cases: § = 0 and 8 # 0. This separation

p:

results in two separate QED conditions:

. —_s—Rp—R, .
hm)\—>oo ns}ﬁﬁcc =1, —00 <1 <00, (1)

QED = (13.2)
R
limy oo /s (1= B2) =8, —oo<B<oo, B£0, (i)
and
: n—s—Rp—Rc __ _ :
QEDO _ hm)\aoo VRp+Ro n, 00 < 1 < 00, (1)
mmaw¢zﬁ-l%>:g, B=0, (ii)

where p,p,0 and -y are fixed parameters.
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14 Heavy Traffic Limits and Asymptotic Analysis in the QED
Regime

In this chapter we develop heavy-traffic approximations of the system-measures introduced in Chap-

ter 12. As a first stage we present four lemmas; their proofs are in Appendix C.2.

Lemma 1. Let the variables A\, s and n tend to co simultaneously and satisfy the QED conditions.

Define (1 as the expression

e By o1 TS | _(Rp+R
= (Bn) -, >, ;1 (Bp + Be) e~ (Rothc),
! 1!
Then
. _o(B)2(n)
)\h—>120 G = g

Lemma 2. Let the variables \, s and n tend to oo simultaneously and satisfy the QED conditions.

Define (o as the expression

—(RN+Rp+Rc) n—s N8l 1 /R R l
e s P D C
S ] ~ (2, O
2 s! (N)l—p;l!<p+p)
Then
2 2

Lemma 3. Let the variables A\, s and n tend to co simultaneously and satisfy the QED or QE Dy

conditions. Define & as the expression

1 i ' ko
E= Y o (RN (o) (R e (v sFosse)
i,5,kli<s,
itjtk<n—1

Then

. B g _ oy
A= /_oo ® (77 + t)\/u(m +(1 —p)5>> A2 ()

Lemma 4. Let the variables A, s and n tend to oo simultaneously and satisfy the QE Dy conditions.

Define ¢ as the expression

n—s—1n—s—k—1 n—s—j—k—1

1 1 . )

_ ,—(RN+Rp+Rc) — s E E j k 2 : 7

C—e N D c S!RN ]Tk!RD RC p .
k=0 7=0 =0

Then

Jim (= \/ ppy 5(71 —p)9) o= (1) + 9(n).
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14.1 Approximation of the Probability of Delay

The first approximation will be for the measure: the probability of waiting or the probability of
delay. It was defined in Section 12.3, by Formula (12.7).

Theorem 8. Let the variables A, s and n tend to oo simultaneously and satisfy the QED conditions.

Then

fio@( + 6—t)\/§) d@(t))

lim P(W >0)=[1+
A—00 ( ) ( (B)2(m) _ o7 +ﬁ2)62n1 D)

[E]
R [ —
where B = 7 3h = wrra—ppy =1~ AVBTL
Proof.
l m
P,(W >0)=P,1(Q1(c0 ZZWnlzm i, —m)
l=s m=s i=s
l I3 m—i l-m
A A ) (x\)
-1 A
B E XS e () () G)
where

Thus,

l
-3 i i il(m — z‘)l!(z —m)! ((1 —Apmy <<1 i)é)m_z (i)l_m (14.1)
) j k
Z iljl!k! ((1 —Ap)u> ((1 ]iAp)f?)J @) ’

i,5,k|i<s,
i+j+k<n—1
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=
__nf lnizfln—]—k—l 1 4;27 A\ i pA j ér k
B , ; slst=s Ikl \ (1 — p)u (1-p)d 0l

B (14.2)

__nfsflnf — 1n—s§ifk—1 1 4;27 i\ its pA j ér k
B ; slst J1kN \ (1 — p)p (1-p)d v

k=0  j=0 i=0

kn—s—j—k—1

) L w0 )

Jj=0

Define p = m , then under the QED (part (ii)) assumption that \/s(1 —p) — 3, —oco < <

00, 3 # 0 (of Theorem 8) as A — oo, we can rewrite the right-hand side in the following way:

—s—1n—s—k—1

i) B S o) ()
() S E S ) ()
—k—

_1< A )5 pn_s n—s—1n— 1( pA )j (A)k
ss\(I=pp) 1-p & — J\Q=p)op) \vp)

=

M |

Cn Q

ol
o

Applying the multinomial theorem yields:

B:;<<1A> pzzl'< >+§>l

_1< A )p 1<m+A>l
st\(1=pu) 1=p = I\(A=p)ip p

= By — Bs.

_ A pA A
Multiplying A, B; and Bs by e ((1*P>“+<1*P)5+W) we have

é —1
P(W>0):<1+C1_C2> 7

where &, (; and (o where defined in lemmas 1-3, and we repeat them for convenience,

1 AN e VY B S —
€= Z — '( ) ( ) () e \T=ma =5 T5) (14.3)
s, WA =p)p) N =p)d) \7
i+j+k<n1
n—s—1 l
1 A 1 A
c1=s|<<1— > =, 2 u< p>5+7> ), (14.4)
’ =0
s _ < n—s—1 l
1 A n—s 1 A A
42‘&((1—@#) =PI ((1—pp)50+7p> o) (145)
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By Lemmas 1,2, and 3 if § # 0:

¢, = AD2)

Jim e (14.6)
7 32
lim ¢ = 2V ) gy, (14.7)
A—00 3
and
lim ¢ = /B o(n+(B-1) oy dd(t) (14.8)
e L\ upy + (1= p)9) | |
where ny =n —f3 W. Thus,
-1
[ ‘1)(77+(5 )\/ﬁ) d®(t)
lim POW > 0) = {1+ . N e .
0 d)(ﬂ)ﬁ (Tl) _ ¢ 5 § (I)(nl)
This proves Theorem 8. O

Theorem 9. Let the variables \, s andn tend to co simultaneously and satisfy the QFE Dy conditions
Then

-1

0 N R o S
lim P(W > 0) = (1 L (/s d<1>(t))
A—00

#py+(1=p)9) 5= (®(n) + (1))

where m=n— ﬁ p’Y+§(’$ P)5)

Proof. As before,

Py(W > 0) = (1 + g)l

where,
1 A oo VN
1= Y () (@) )
1511 _ _
s, ilJIEN \ (1 —p)u (1—-p)o y
iti+k<n—1
1 sn—s—1n—s—k—1 p/\ j \ kn—s—j—k—1 A i
o) 2 wml@Zm) 6 X ()

We can multiply each phrase in e~ (fn+Ep+Ec)

Po(W > 0) = <1 + §>_1

— A _ A _ A
where RN = m, RD = (]-Iiip)é, RC =5 then

¢
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where, £ = A- e~ (BNtED+RC) and ¢ = B e~ (En+Ep+HC) By Lemma 3, when 8 = 0:

R B 5
= /oo ® (77 t\/#(m +(1 —p)5)> 4240) (149)

and, due to Lemma 4:

Jim (= u#’“ o (1(0) + 6(0). (14.10)

Assigning Equations (14.9) and (14.10), we proved Theorem 9.

Checking: Is limg .o Pg0y(W > 0) = Pig—oy (W > 0)?
We need to check that:

i 20 2(1) = S(/77 + B)e" D ()
B0 B

_ <1jyp>“+p;¢12?<n¢><n)+¢<n)>-

Define: n1 =n—0 W =15 — $V/C. By L’Hépital’s rule:

i 2O2(0) = S(/0? + Fe" D ()
f—0 &

= lim — (9(8)®(1) — 6(v/1? + )3 o))

o) 20) _ TR sty — g A 20

d d 2 desm d 1o
= Jmy 2 () Z(ﬂm - ¢(\/ZﬂTB)€2"@(m)—¢(\/m)< () + (Izl(gl)ez?h>

ﬁ _8? —ﬁ _ %462 1 2
= lim ® e 2 — 2
B—0 (n )\/27r V2T

= lim ® — ——e
B—0 (77) 27r V2T

= o(ViP + ) (~mvVC)er o) + (~VT)o(m)et )
= o) VCex (n®(n) + 6(a)) = o= (12 (u) + 6(0)).

14.2 Approximation of the Expected Waiting Time

The second approximation will be for the measure: the expected waiting time. It was defined in

Section 12.2, by Formula (12.5). We state the Theorems here, the proofs are in Appendix C.3.
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The first theorem gives the approximation for the case where 8 # 0.

Theorem 10. Let the variables A, s and n tend to oo simultaneously and satisfy the QED condi-

tions. Then

2 2 1
1 OLOE M\/F)egnfq)(m) (% - - %)
hm VsEW] = e B2 _ S+ in?
Joo® (n+ (8- )VB) do(t) + 2020 — ATEE) 3t ()
where B = 2N — n m=n-pVBL

Rc+Rp — p(py+(1-p)d)’

The second theorem gives the approximation for the case where g = 0.

Theorem 11. Let the variables A, s and n tend to oo simultaneously and satisfy the QEDgy condi-

tions. Then

lim /SE[W] = 1 B! ((772 +1)®(n) + 77¢)(77))
o 2/ [0, @ (1~ tVB) do(t) + VBT (n0(n) + 6(n))
where B = -fn_ — dy S =1 — ﬂ\/ﬁ

Rc+Rp — p(py+(1-p)9d)

14.3 Approximation of the Blocking Probability

The third approximation will be for the probability of blocking. This measure was defined in Section
12.1, by Formula (12.1). We only state here the approximation theorems, as conjectures supported

by our previous experience. We intend to prove these measures in the near future.

Theorem 12. Let the variables A, s and n tend to co simultaneously and satisfy the QED condi-

: _ _ Ry _ oy
tions. Define B = RotRp = nyi(=p))’ then

2
n
lim /5P (block) = (1) o) + S/ + Fe* ) (14.11)
e 2@ (n+ (8- )VB) dd(t) + 200 _ (VTR czitg(yy)
71_
wherem:n—%,l/:ﬁ, —n\/iﬂ,uz%m.

Theorem 13. Let the variables A, s and n tend to oo simultaneously and satisfy the QEDgy condi-

oy
tions. Define and B = Rc+RD = W= then

vo(v1)®(r2) + \/%‘I’(U)

lim /sP(block) = (14.12)
Ao o ( —t\f) dP(t) + 5 7= (1®(n) + ()
wherel/:ﬁ; ulzﬁ, V2:$
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15 Comparison of Approximations and Exact Calculations

In this section, using some examples, we illustrate the quality of our approximations, when compared
against the exact calculations. We answer the question of what are the parameter settings (e.g. what
B) for which we can use the approximations. The exact calculations and the approximations were
calculated using MATLAB. We could compare only systems where n is less than 160. Larger systems
are beyond MATLAB capabilities and the exact formulas cannot be calculated. Nevertheless, since
our asymptotes become more accurate as n and s grows to infinity together, this limitation only
strengthens our analysis.

In order to simplify this experimental phase, we will assume that v = co, which means that we
neglect the Cleaning phase and actually consider the semi-open Erlang-R system (see Figure 28).

We considered various combinations of the data that cover small, moderate and large systems,
and a range of values of the offered-load ratio. The parameters of each case is specified in Table 2.
For each set of parameters we calculated s and n when 3 € [—3,3] and n € [—3,3]. The following

graphs compare visually the exact and the approximate calculations.

Figure n S A o |p P B
36 77-162 | 71-131 {10 | 5 | 1| 0.9 |0.55
37 60-150 | 25-66 | 15 | 0.5 | 1 | 0.667 | 0.75
38 51-133 | 29-72 |30 | 05 | 1| 0.4 | 1.25
39 6-35 1-15 |10 1 | 3| 0.5 | 0.66
40 1-30 2-15 5 10251 0.5 1

Table 2: Parameters for a large system

The first illustration, shown in Figure 36, is of a large system where the number of “beds” is
up to 162, and the number of servers is up to 131. We observe an excellent matching between
the exact calculation and the approximation for the P(W > 0) measure. We also observe a very
good match for the P(block) measure when § > —0.5. As 3 decreases, the approximations becomes
less accurate. This is expected since, as § decreases, we exit the QED regime. For example, when
B = =2, /s x P(block) =~ 2. In this case, if s ~ 100 then P(block) ~ 20%. But the QED regime
prevails when P(block) is less then 10%, and P(W > 0) is in [25%, 75%].

The next illustrations, shown in Figure 37 and 38, are of medium size systems, where the number
of servers is between 20 to 70. Here too, we observe a very good matching for the probability of

waiting. In the P(block) graph, the pattern is more complex. We observe a very good match when
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Approximation vs. Exact calculation Approximation vs. Exact calculation
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exact; -3 exact; -2 exact; -1 exact; 0 1 ;2 ;3 exact; -3 exact; -2 exact; -1 exact; 0 1 ; 2 13

Figure 36: Comparison of approximation and exact calculation - Large system

6> —05and n > —1. As n and 3 get smaller, the approximations become less accurate. We also

see that as 7 get smaller, the value of 8 from which the approximations are accurate is larger.

Approximation vs. Exact calculation Approximation vs. Exact calculation

Sqrt(s)*P(block)

beta beta
approx; -3 approx; -2 - - - - - - approx; -1 approx; 0 - - - - -approx; 1 ~approx; 2 ------ approx; 3 approx; -3 approx; 2 - - - - - -approx; -1 approx; 0 --approx; 1 - ----approx;2 - approx; 3
exact; -3 exact; -2 exact; -1 exact; 0 1 ;2 ;3 exact; -3 exact; -2 exact; -1 exact; 0 ;1 ;2 ;3

Figure 37: Comparison of approximation and exact calculation - Medium system

The next two illustrations, shown in Figure 39 and 40, are of small size systems where the number
of servers is up to 15, and the number of beds is less than 35. We observe the same phenomena
here as in medium systems, but we also see that there are additional inaccuracies in the P(W > 0)
approximation for n < 0.

From this experiment, we conclude that, while in the QED regime the approximations are
remarkably accurate, when exiting this operating regime, the P(W > 0) approximation remains

stable, but the P(block) approximation does not.
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Approximation vs. Exact calculation

45

Approximation vs. Exact calculation

Sqrt(s)*P(block)

P(Wait)

3
beta beta
approx; 3 - - approx; -2 - - - - approx; -1 approx; 0 - ---approx; 1 - ----approx;2 - approx; 3 approx; -3 approx; 2 - - approx; -1 approx; 0 -+ approx; 1 - ~approx;2 --ece- approx; 3
exact; -3 exact; -2 exact; -1 exact; 0 ;1 ;2 ;3 exact; -3 exact; -2 exact; -1 exact; 0 ;1 ;2 ;3
Figure 38: Comparison of approximation and exact calculation - Medium system
Approximation vs. Exact calculation Approximation vs. Exact calculation
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Figure 39: Comparison of approximation and exact calculation - Small system
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Figure 40: Comparison of approximation and exact calculation - Small system
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The next three experiment-parameters are based on data taken from surveys carried out in Israeli
Hospitals by Marmor [57]. The data we have are partial, not altogether consistent with the data we
need. We know that in each of these MUs, there are 30 beds, and the average LOS is three days;
patients’ average arrival rate is five patients per day. Since we do not have accurate data on service
times, we show three options using various assumptions. In all of them, we assume that average
cleaning times are one hour. The parameters are specified in Table 3 and their related Figure is

41. In all the Figures (41 a-c), we observe a good matching between the exact calculation and the

Figure | n A ) Wl P

Al-a | 30| 5/24 | 4/23 [ 4| 1| 12/13
41-b |30 | 5/24 | 4/21 | 4 | 1 | 36/37
41-c 30| 5/24 | 2/19 | 2 | 1 |30/31

Table 3: Parameters based on data from Israeli hospital

approximation in the range of interest (i.e. when P(W > 0) € [0.3 — 0.7]).

Exact
— Approx || 8-

Exact
— Approx || 08

Exact
— Approx |

el [1} 5|

20

25

il

Figure 41: Comparison of approximation and exact calculation - Israeli Hospital

The last experiment uses parameters taken from the work of Jennings and de Véricourt, so that

their model can be compared to ours. They used the following ratio: r =

A _ 6 _
ﬁ_m = 0.25. The

illustration is shown in Figure 42; the parameters are specified in Table 4. As in previous cases, we

Figure

n | A

J

I

v

p

42

40 | 10

1

3

1

0.5

Table 4: Parameters based on Jennings and de Véricourt’s article

observe a very good matching between the exact calculation and the approximation.
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=A0; lambda = 10; delta=1; mu=3; gamma =1, p=05

7 —&— Exact
03F —B— Approx | 7]

08k

P(w0)

03F

02F

01F

Figure 42: Comparison of approximation and exact calculation - r = 0.25
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16 Comparison with Other Models

In this chapter we will present some special cases of our model. We will show that the probability
distribution of these models can be represented by our model probability functions, or some other

connection between the models.

16.1 The M/M/s/infinity/n System

When A — oo, and § = v our model will be equivalent to Jennings and de Véricourt’s model [46].

This is an M/M/S/oco/n system, with exactly n customer in the system, i.e. i+ j+k = n. Jennings

A it — A oh : e PO+(A=p)y 5
and de Véricourt used the definition of r = by which is equivalent to: r = o A—p)in = o4p 0

our model.

As seen before, for each (i, 7, k) such that 0 < i+ j+ k <mn,

csn=y ) (620 £ )

since A = oo (goes to infinity faster than n and s) the probability of patients being in node 4 is 0,

thus, i +j+k =n and 7(i, 4, k) = 7(i,j,n — i — j). We define the marginal distribution = (i,n — 7)

asj+k=n-—1u

n(in—i)= > w(i.jk)

G klj+k=n—i

) j,ku%::ni WOV(li) ((1—Ap)/~c> J'lk' ((1 Zi/\p)5>j <§)k
= WO()‘)nu(li) S(l - p)u): (n - i) (<1 ;_23)5)”_1
(%) 0 () o (6)

- ((1 —Amé)n <1> <niz'>! <Z>

Here v(1) is defined as

v(i) = ! o
>
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and 7 is given by

)
)G () S ()
(S e D (07

. . ? n—i
min—i) =4 = L (1 1. ! , i > s,
slst=s \ ) (m—14)! \d

0, otherwise,

where 7y is given by

(L LY S (L Ly e 1)
o _<u+(5 +i§1 slsi=s 4l ) (n—di)! \ i ) '

SN 1 5 (
w(i,n—1i) = o (?) 5';*3 <N> , 1> 8,

0, otherwise,

where 7y is given by
1 1\" & 1 1\ a1\ 1\
_—1 — Y . _ —_— — N - N
n n ! ‘
S () > (s D s (2))
1% S \ststme i) (n =)t \p

This last version of steady-state probabilities were investigated by Jennings and de Véricourt [46].
In [46] there are no exogenous arrivals (closed system i.e. no A in our notation), which corresponds

to taking A to infinity at a faster rate than n and s.
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16.2 Call Center with IVR (Interactive Voice Response)

In certain settings, our model will be equivalent to Khudyakov’s model [49]. As seen before, for each

(4,7,k) such that 0 <i+j+k <n:

s =oety () ) A"

We would like to define the marginal distribution w(i,l) as j + k = [. For each (i,l) such as

0<i+l<n
Jkli+k=l
s ) ) )
- o \aT o) - 2
iz OO =p) FRA(A=p)3) \5

=it () 1 (2 3) -

Here v(i) is defined as

Il
3
3
J
i~
=7
N
—

F s
=
N—
=

N
=]~
7 N\
~~

[u—

ks
’Uy
N—
>,

+
2| >

2 s!.slifs <(1 —Ap)uyll! <(1 gAp)cS +§>l'

i>s8,1+I<n

These are exactly the steady-state probabilities investigated by Khudyakov [49], in the case:
1 _ P 1 px _ 1 g . .
T = <(1_p)5 + 7) and i = T For example: if in our model p = 0, our model is comparable

to Khudyakov’s model with pg = 1.
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17 Generalizations

In previous chapters we decided, arbitrarily, that patients will start and end their stay at the MU,
in service from nurses. One can use other assumptions, which will slightly change the shape of the
network. In this chapter, we would like to generalize our findings, and to formulate heavy-traffic
approximations that will cover any specific design of flow in the network. In fact, this generalization
will also unite our model with the IVR model [49]. The generalization was developed from our
experience in developing the approximations in Chapter 14. We have not yet proved them, and
we might do so if we find it useful for the later stages of our research. This generalization covers
any semi-open network, with one service station with s servers, and any finite number of delay
procedures.

Consider any closed Jackson network that has one M/M/S node (denote as node a), any K finite
number of nodes of the type M/M /oo (denote as node j , j € J = {1,2,..., K}) and one node of the
type M/M/1. Denote the solution of the balance equations of the steady-state flows of the network
as p, and p;, Vj € J, and define A = ZjeJ pj, B = £¢. (Explanation: Let X be the service rate of
the M/M/1 node, and P be the transition probability matrix of the network. Define A; as the rate
of flow into node j and p; as the rate of flow out of node j, then p; = 2—; The rate \; can be found
by solving the traffic equations, and should be expressed in terms of A, and P). The steady-state

probabilities of such networks are:

1 Ko K
moGgy P 1 oy (i), 0ty ij<m,
W(io,il,... iK) = 0 7j=1 J 7j=1
0 otherwise.
Here v(7) is defined as
20' i() <s
v(ig) := A ’ ’
slgto—s 19 > S,

- 1 io 1 i
myl = Z o(io) (Pa) H il (p5)

0<ig+i14...+ig<n

B n n—i L Zl l
;;(() (00 (4.

We claim that for some service-level objectives the steady-state probabilities have the same structure
as those investigated by Khudyakov [49] and in this work. For example, one can develop the marginal

distribution, the probability of delay and blocking, and E[W].
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17.1 The Marginal Distribution

We will calculate the marginal distribution 7 (i,1) as | = Z]K:1 ij. For each (4,1) suchas 0 < i+l < n:

(i, 1) = > (i, i1, . iK)

i1,eixc |14 i =l

- Y [ e T e

T genes irlii+... i =l JjeJ Z']
1 N
— ro—— (pa)’ = (A)!

17.2 The Probability of Delay

The second example we show is for the calculation of the probability of delay:

Py(W > 0) = P,_1(Q1(c0) > s) = > Tne1 (i, 01, o iK)

s<it+ii+...+ig <n—1|i>s

1 1 .
= 7o Z slsi— S(Pa) Ha(pjw

s<it+i1+...+ig <n—1]i>s jeJ

(17.1)

where,

%1_‘ Z. _ 1.)<pa>i°H;<pj>"j

These probabilities have the same structure as that which was investigated in Chapter 14. Therefore,

we can conclude with the following general theorems:

Theorem 14. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:

.o o n—s—A
lim

o S
hmf(l——) 3, o< f<oo, B#0 (ii)

—00 < 1 < 00, (i)

where all other parameters are fixed. Then

7@ (n+ (8- )VB) de()
¢(5)ﬁ¢’(n) _ ¢(\/n;+ﬁ2)e%n%q>(m)

lim P(W >0)= |1+ (17.2)

where 1 =1 — %.

91



Theorem 15. Let the variables \, s and n tend to oo simultaneously and satisfy the following

conditions:
lim 222 A_
a5
lim /3 (1 - 7) 3, 3=0 (ii)
where all other parameters are fived. Then

'@ (n—tVB)da()
lim P(W > 0) = {1+

T (m(n) + () T3

where ny = n — %.

17.3 The Probability of Blocking

We can also calculate the probability of blocking. From the stationary probability, we will deduce

the probability P, that there are [ customers in the system (0 <[ < n). We will use the following

relation:
P = Z (i, i1, . ix Z Z (i, ity ey ix)
2,81 ...,05 >0 1=0 i1+...+ig=l—1
iig .=l
l K
=Y Y w6 T )
— - oy i!
1=0 i1+...+ig=l—1 7=1
I
1 o1 "
= A)
— ﬂ-oy(i) (pa) (l o Z)' ( )
S
_ 1 i 1 A 1 I—i
= (Zi!(”“) A Z 3;31 < (Pa) ﬁ(A)
=0 1=s+1

This phrase is exactly the same phrase that was investigated in Chapter 14. Thus, we can state the

following theorem:

Theorem 16. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
lim nos- A —00 < 1 < 00; (i)
A—00 \/Z K n ’
/\hmf(l——) 3, o< f<oo, B#0 (i)

where all other parameters are fived. Then

1) 2 2 é(b
Jim V/3P(block) = — v(1) (”2)+¢(V’;(ﬁ;€7 ))6 ¢(\(/Zi)+762) — (17.4)
[P (n+ (8= OVE) do(r) + 2020 — AT bty
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nvB-'48 ~_ BvB~l-n _ 1
= ;2 = =,V = —1 -
V1+B V1+B V1+B

where ny = n — T’Vl

Theorem 17. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
—s5—A
limL:n, —00 < 1 < 00; (i)
A—00 VA
fm (=) = g0 @

where all other parameters are fived. Then

vol\v v _1
lim /3P (block) = P(v1)®( 2)+m@(n)

: (17.5)
Ao SO ® (n=tVB) do(t) + S5k (n®(n) + 6(n))

'LUhere Vl == \/%7 V2 == ﬁ7y == W
17.4 Expected Waiting Time

The last example stated here is for the approximation of E[W].

Theorem 18. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
limw:n, —00 < 1 < 00; (i)
VA
Al;n;(jf(l——) 3, o< B <00, B#0 (ii)

where all other parameters are fized. Then
i e = PR T P)esto(m) (B-162 —ngVBT 1)
im
o i (120 (14 (5~ OVE) da(e) + 4030 - SWV/EE i)

where m =1 — %.

Theorem 19. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
—-s—A
limu:n, —00 <1 < 00 (i)
A—00 VA
fim e (1=0) =5 6=0 i

where all other parameters are fived. Then
—1 ({2
lim SEW] = : B~ ((n* + 1)®(n) + nd(n))
Aooe 2027 [°, @ (n— tVB) do(t) + VBT () + 6())

where m =1 — %.
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18 Defining Optimal Design

The goal of this chapter is to outline, very roughly, some methods for optimizing the system, using
the approximations calculated in previous chapters. This optimization could be done in various
ways. For example, from an economic point of view, one can find the optimal number of beds and
nurses, so that the total cost is minimized while, at the same time, maintaining a predefined service
level. Service level constraints could be on the delay probability P(W > 0) < a, the probability of
waiting more than ¢ units of time P(W > t) < b, or the probability of blocking P(block) < c¢. Any
combination of these measures could be used as well.

Define C), to be the annual bed costs due to space and maintenance, and Cs the annual nurse

(servers) costs. Then our optimization problem can be:

mings C(n,s) = Cyn+ Css
st PW>1t)<b

P(block) < ¢
0<s<n.

Another possibility could be to look at the situation as a revenue maximization problem. The
hospital charges the insurance companies for each patient being hospitalized (under supervision on
the necessity of the procedure). A patient that is being blocked is lost revenues to the system, as
well as a threat to the hospital’s reputation.

Define R to be the annual revenue due to bed occupancy, and OC(n, s) the average bed occupancy

level in a system with n beds and s nurses. This type of optimization problem can be formalized as:
MaTn,s R(n,s) = R-0C(n,s) — Cpyn — Css
st PW>1t)<b
P(block) < c
0<s<n.

One can also solve process-based optimization (control) problems, in support of real-time man-

agement, and we plan to pursue that in the future.
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19 The Semi-Open Erlang-R Model

In this section, we examine the time-varying semi-open Erlang-R model. As explained in the Intro-
duction, it could be viewed as an Erlang-R model with an additional upper bound on the number
of customers in the system. Figure 43 depicts a graphical representation of our system. The num-
ber of customer (patients) is bounded by the number of spaces (beds) in the system, which is n.
Customers that are blocked are thought of as being transfered to another system. In this case, the
natural comparison is not to the Erlang-C (M/M/s) model, but to a loss system (M/M/s/n), where
n is properly chosen; specifically, n = n — Ro, where Ry is the average number of content customers.
We show that the steady-state distribution of the semi-open Erlang-R (more specifically, its Needy
part) is different from that of a loss system. We use our results, from Section 17, to present the
QED steady-state approximation of this model. We then show simulation results that demonstrate

that, in the QED regime, the MOL approach works very well also in this case.

Poiss(A1)
AQ)=4

O
A >

exp(d), 6(Q) = 6Q,

Blockedi @:

Figure 43: Semi-open Erlang-R model

We compare our model to a loss system in which the service time of a customer is the total
work brought by that customer to the system, i.e., we sum up all the anticipated service times: a
geometric sum of i.i.d. exponentials (which is thus exponential itself). See Figure 44 for a depiction
of this loss model. Note that the average number of visits per customer (a) is more than 1.

Our comparison will start with a comparison of the steady-state probabilities of each model.
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Poiss(A1)
AQ)=41

Blocked

Figure 44: The loss model corresponding to a semi-open Erlang-R model

19.1 Steady State Comparison
19.1.1 Loss System (M/M/s/n) in Steady State

The steady-state distribution of a loss system is

Se)l o 0<i<S,

4!

T =

S¥m , S<i<N,
where
_ . 7 —1
R  8%
=12 St |
=0 =S

and p = %ﬂ By the Arrival theorem [17], the probability of waiting («) is

N N—1 §5p
N-1 =S 5!
o = E T = - ~.
4 s—1 (Sp)? N—1 85pi
=S Zi:o 7! + Zi:s S

The probability of blocking is

SN SN (Sp) +ZSSP
st 0T gl il

=0 =S

P(block) =y =

QED Approximations of Performance Measures

The following theorem provides QED approximations of this loss system [49].

Theorem 20. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
limuzn, 0<n<oo, (i)
A—00 A
Vi
g A
lim E—p, —00 < 8 < 00, (ii)

A—00 A
I
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where all other parameters are fived. Then,

33(8) -1
(1 + ¢(ﬂ)(176‘”5)'> , B#0,

lim P(W > 0) = =
A—00 NG _
<1 + m) b ﬂ - 07
Be(B)e—"8 B0
/\lim V/sP(block) = ﬁ‘bgﬁ)ﬂ’(ﬁ)(l*e’"ﬁ) ’ ’
VE+n , 8=0,
and,
28) | 1=e "0 _ | —np
W B ,6 7& 0
/\lim VSE[W] = ﬂ¢(5)2+¢(5)(176—n,8) ) ;
e 1 7 -
21 77+\/§ ’ /8 = 0.

Note that in our Multi-service loss system, p is divided by a (the average number of returns to
service, per customer).
19.1.2 Semi-Open Erlang-R in Steady State

Now we describe the steady-state distribution of the semi-open Erlang-R queue. Let us define

A

A PA o _ G-pn g
Ri=——"—— Ry= , and B=— = = —
T epw T (-p)s Ry B b

Then, the steady state distribution of this system is given by

(i, j) = !
0 , otherwise.
Here v(7) is defined as
, 7! , 185,
v(i) := ,
S1§9 i > 8,
where mg is given by
1 1
-1 — - i = i
<itj<n
i} bl 1 1\ 1
_ 1 ! Ll i I—i
=2 (Pt o)+ 2 AZ <S!Si—5 i!> (I —i)! (Fa) (Rz) "
1=0 I=S+1i=5+1
The probability of waiting is given by
. 1 .1 :
PNW>0)=m"" > s () i (R2),

s<i+j<n—1li>s
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where

-1 ) 1

B | S () =[§nf<y(1i)<m>f;<zaz>l)

!
0<i+j<n—1 J:

The probability of blocking is given by

N

1 1 1 .1 »

Py = mo <N, (R1+ Ro)™ + ES, <5W - Z,) (B)' g (R2)™ > ‘
i=S+1

QED Approximations of Performance Measures

The following theorem states the QED approximations of our semi-open Erlang-R, system.

Theorem 21. Let the variables A, s and n tend to oo simultaneously and satisfy the following

conditions:
. n—s— Ry .
lim —— = -
R —) 7, 00 <1 < 00, (i)
)\lim Vs (1 — Rl) = 0, —00 < B < 00, (ii)
—00 S

where all other parameters are fived. Then,

-1
< 17 (n+(5—1)V/B) (1) > 540
2 2 1,2 Y )
lim P(W >0) = SR _ et eiatn) (19.1)
- . 1. @(n—tVB)dd(t) 5=0
75 7= (@) +e(n) T
ni
V(1) (va)+d (/P2 T 2 (m) 840
1 ) 9
lim v/5P(block) = {  J7u ®(n+(B—)VE)dd(t)+ X0 oWV 30 g ) (19.2)
A= V(1) D (v2) + A= (1) g=0

o @ (n—tvB)d®(t)+ 5 o= (1% (n)+6(n))

and,
S(B)® () +6(v/mP+3%)e 2" @ () (B~ f2—nsVBT-1) 520
lim SE[W] = uﬁ"’(fio <I>(n+(6—t>\/§)d<1>(t>+W;‘"(")—¢‘V"§+‘*2>e%”?¢’(nl>)
Ao B (P +1)®(m)+no(n)) B0

1
227 [0 ®(n—tVB)do(t)+vVB = (n®(1)+6(n)) ’

_R_5 o, B ,_ 1 _ VB 48 _ BVB -
Here B=Tp = o0 m =1~ 5 V= Ve "~ Vg1 2~ Vi1

98



19.1.3 Comparing Steady-State Measures

When comparing exact system measures, we observe that the steady-state measures of the loss
system are not equal to the ones of the semi-open Erlang-R model. Indeed, there is no simple
relation between them, since the meaning of n in each model is different. In the semi-open Erlang-
R model n is the number of Needy and Content customers together, while in the loss system it
represents only the number of Needy customers. As a result, the definition and meaning of 7 in
each system is different. Therefore, we expect that when setting the same number of servers s and
customers n in both systems, the loss system will always underestimate P(block) and overestimate
P(W >0).

To understand the differences between the models, we compared the steady-state service mea-
sures of a semi-open Erlang-R and a corresponding loss system. For a correct comparison, we
compare models with the same number of servers s (or (3), while adjusting the number of beds n.
The parameter n in the semi-open Erlang-R model is larger than that of the loss model - denote by
latter by n. The difference n — 7 is taken to be the average number of Content customers Rs.

The performance measures of both models are a function of the decision variables s and n, and
the offered loads. In fact, performance of the semi-open Erlang-R, and similarly to the open one,
depends on the ratio between the stations’ offered load: B = &% as in Theorem 21. We refer to B

Ry
as the offered load ratio.

7%

- iz
0.5 77747,
Wy Wy
W)

7

Difference in P(W>0)

Difference in sqrt(s)*P(block)

Offered Load Ratio 0 -t B Offered Load Ratio

Figure 45: Difference between service measures as a function of Offered Load Ratio and s

Figure 45 shows the difference between the service measures of the two models as a function of
B and 3. We observe that the difference in P(WW > 0) is largest when 8 € [—1, 1], which is the QED
regime. The difference in P(block) seems to grow as (3 and B decrease. The difference in P(W > 0)
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Figure 46: Mean difference between service measures as a function of Offered Load Ratio

and /s * P(block) can be up to 20%. In order to understand more precisely the influence of the
offered load ratio, we also calculated the mean absolute difference between the service measures of
the two models. Figure 46 shows this mean difference as a function of B. We observe that the
difference in P(W > 0) and P(block) is decreasing when B grows. We conclude that one must take
into account reentering customers especially when the difference is significant i.e. for B smaller than
1.

We calculated the offered-load ratio of four medical units: an Internal Ward, Emergency Ward,
ICU, and Oncology Ward. The corresponding offered-load ratios are 0.1, 0.4, 2, 0.2. Thus, in all
cases but the ICU, when using a loss model for planning, without considering the Re-entering effect,
the measures P(W > 0) and P(block) are both underestimated, and the planner will therefore
under-staff doctors (or nurses) and beds in the system. These under-estimations prevail uniformly
over most values of 3. Such under-staffing relative to the number of beds results in long waits for

service and personnel burnout due to high workload.

19.2 Staffing Semi-Open Erlang-R with Time-Varying Arrivals

In this section, we verify the usefulness of the MOL approximation for our semi-open queueing

network. We use the following staffing rule: Set s (the number of servers) by

s(t) = Ry(t) + B/ Ra(t),

and then set n (the number of beds) via

n(t) = s(t) + Ra(t) +nv/ Ra(t).
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Here R (t) and Ra(t) are determined by the fluid ODE of the regular Erlang-R system (5.2), and
and 7 according to the steady-state QED approximations (19.1) and (19.2), respectively.

To analyze our approach, we use a simulation with the parameters of Case Study 1. Figure 47
presents steady-state QED approximations for the probability of waiting and the blocking probabil-
ity. Figure 48 presents simulation results of the system when staffing according to the square-root
formula with n = 1, and various values of 5. Figure 49 shows a comparison between the theoretical

steady-state QED approximations and our simulations results.

Ratio of offered load = 0.75
T T T

38

Ratio of offered load = 0.75
T T

sqrt(s)*P(Blocking)

Figure 47: Steady state P(W > 0) and P(block) as a function of § and 7, for semi-open Erlang-R

We observe that the probability of waiting is stable and its average fits steady-state values. When
considering the probability of blocking, we note good results only for § values that exceeds 0. This
result is consistent with the observations showed in Section 15, that the P(IW > 0) approximation
is stable over all operational regimes, but the P(block) approximation is stable only in the QED

regime.
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Figure 48: P(W > 0) and P(block) changing over time, for semi-open Erlang-R
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Figure 49: Average P(W > 0) and P(block) as a function of 3, for semi-open Erlang-R
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20 Managerial Insights

In this section, we analyze the behavior of some system measures in the QED operational regime.

We start with describing each measure separately.

20.1 Behavior of the Probability of Waiting

Theorems 8 and 9 are the indication that the policy described in Equation (13.1) is in fact a QED
policy; indeed, the probability of waiting converges to a limit that is strictly between 0 and 1.
Notice that the waiting probability is a function of only three parameters: G and 7, which are
decision variables, and the offered load ratio B, which captures the physics of the system. The
offered load ratio is the ratio between the offered load of service station and the total offered load

of the non-service stations.

20.2 Behavior of the Probability of Blocking

1
/5

assume that the offered load ratio is 0.5 and the system in large (100 servers). Using figure 50, we

Theorems 12 and 13 demonstrate that the probability of blocking is in the order of —=. For example,
observe that, by choosing the pair n = 1 and § = 0.2, we actually aim at a probability of getting
served immediately to be 50%. At the same time, the probability of getting immediately a bed is
95%. Thus, our QED policy gives more importance to blocking than to waiting.

20.3 Behavior of the Expected Waiting Time for a Nurse

Theorems 10 and 11 show that the expected waiting time is in the order of ﬁ Note that the
expected waiting time divided by the expected service time is also of that same order, which means

that for large systems the wait time is one order of magnitude less then the service time.

20.4 Influence of  and 7

Since the physics of the QED system is driven by only three parameters, one can describe their
influence in a very simple way. For example, if the offered load ratio is 0.5, the two graphs in Figure
50 tell us all we need to know about the probability of waiting and blocking, and illustrate the
influence of the decision variable # and 7 on these systems’ performance measures. In fact, the right
graph shows the probability of blocking multiplied by /s, and thus, those graphs fit any unit size,
30 or 300 alike.

103



Ratia of offered load = 172
— T T

Ratio of offered load =142
T T T

sgrt(s)"P(Blocking)

beta beta

P(W>0) /5P (block)

Figure 50: Demonstration of the influence of 5 and 7 on P(W > 0) and P(block)

One can observe that, as # grows, which means that the number of nurses grows, both the
probability of waiting and the blocking probability tend to zero. When there are fewer nurses (3
decreases), the probability of waiting approaches 1, and the blocking probability, multiplied by +/s,
approaches 3. One also observes the sensitivity of the system measures to 3 and 7, and that one need
not consider the range (—oo, 00), but a much smaller range such as € (—3, 3) suffices. If we fix the
number of nurses (/3), we see that, as the number of beds (7)) increases, the probability of waiting
approaches 1, since there are more patients in the system, and the blocking probability approaches
0. Again, there is almost no difference between 1 = 2 and n = 3, so there is an effective limit to the
beds needed, and the range of n’s that must be considered is relatively small (also between -3 and
3). In addition, we saw in Section 15 that the QED regime is achieved in even narrower range of
parameters (n > —1 and $ > —0.5). Hence, we conclude that the relevant parameter ranges for the
QED regime are 5 € (—0.5,3) and n € (—1,3).

Formally, our observation is that P(W > 0) is a decreasing function with respect to 3 and 7,
while \/§P(block) is a decreasing function with respect to 8 and an increasing function with respect

to n.

20.5 Influence of the Offered Load Ratio

The graphs in Figure 51 demonstrate the influence of the offered load ratio (B) on the probability
of waiting. Recall that the offered load ratio is the ratio between the offered load in the service
station and the total offered load of the non-service stations. Our observation is that P(W > 0) is

a decreasing function with respect to B. As the offered load ratio decreases, the probability to wait
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increases since the ratio between the number of nurses and the number of beds decreases. Thus,

there are more patients per nurse.

Ratio of offered load = 1 Ratio of offered load =1/2
T T T

BWwn =04 b A
i
o
=

Figure 51: Comparison between different ratios - The influence on P(W > 0)

Note that the offered load ratio can be interpreted as a measure of the service intensity required
during hospitalization; it is a natural measure to differentiate between patient types. More specifi-
cally, the fact that wards differ in patients’ clinical conditions can be translated to a difference in the
patients’ cycle time of needy-dormant states which, in turn, can be analyzed by considering different
offered load ratios (B). As B grows, patients require more nursing in each cycle. For example, in
IWs the offered load ratio is around 0.1 (see Section 20.6 for en explanation), while in ICUs, where

patients require more intensive care over longer periods, the offered load ratio is around 2.?

20.6 Demonstrating Three Operational Decisions

To illustrate staffing and allocation decisions, we use data originated from two articles: Lundgren
and Segesten [52] and Green and Yankovic [36]. Green and Yankovic describe a medical unit that
has 42 beds, with average occupancy level of 78%, and Average Length of Stay (ALOS) of 4.3 days.
Lundgren and Segesten studied nurses’ service times in a medical-surgical ward. They found that
the average service time in their unit was 15.3 minutes per service, and that the average demand
rate for each patient is 0.38 requests per hour. Therfore, we take an average service time of 15
minutes and assume that there are 0.4 requests per hour from each patient. Fitting this data to our

model results in the following parameters values: A = 0.32,u = 4,6 = 0.4,v = 4,p = 0.975 and the

3ICU’s offered load ratio (B) was calculated based on the following data: ALOS is 9.5 days, average service time
is 10 minutes and patients require 4 treatments per hour. Thus, u = v = 6,§ = 12 and p = 0.99887 which results in

— Sy —
B= w(py+(1-p)d) — 2.
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offered load ratio is then approximatly 0.1.

Ratio of offered load = 0.1023 Ratio of offered load = 0.1023
T T - X T
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P(W>0) /sP(block)

Figure 52: P(W > 0) and P(block) for ratio 0.1

Figure 52 shows the appropriate graphs for that offered load ratio, and an illustration of three
available policies. The first pair (black) with 5 = 0.5 and n = 0.5, is QED balanced. It has
38 beds with 4 nurses. This policy combines low probability of blocking - 0.09 and a reasonable
probability of waiting - 0.45. The second pair (blue) is more of a QD policy; we chose 5 = 0.5 and
1n = —0.05, which amounts to 37 beds and 6 nurses. In this setting, both waiting and blocking are
low; P(W > 0) = 0.09 and P(block) = 0.08. The third example (red) is more of a ED, we chose
negative § = —0.1 and n = —0.05 (which means a system with 34 beds and only 3 nurses). In this
policy, the waiting and the blocking are relatively high; P(block) = 0.19 and P(W > 0) = 0.72.

20.7 Time Varying Environments

In section 19, we compared our semi-open Reentrant model to a loss model that does not explicitly
account for Reentring customers. We saw that, even in steady state, there is importance for using
our semi-open Erlang-R model, and preferring it over the simpler models. We saw how simple models
under- or over- estimate system performance. Note that in medical systems, such as Emergency
Wards, the offered-load ratio is small (around 0.4), and thus when using a loss model for planning,
without considering the Re-entering effect, the measure of P(W > 0) is underestimated, and the
planner will therefore under-staff doctors (or nurses) in the system, and at the same time the measure
of P(block) is overestimated, which will cause the planner to recommend too many beds. This will
result in long waits for service and personnel burnout, due to high work-load. These under- and

over-estimation prevail uniformly over all values of j3.
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In addition, we saw that, in time varying environments, for a large enough system in the QED
regime (5 >> —0.5), the MOL approach stabilizes both P(W > 0) and P(block). Consequently,
any pre-specified QED service level can be achieved stably over time. We also observe that there is a
small distortion in the P(block) results, demonstrating that the probability of blocking will actually

be less then predicted.

107



21 Conclusions and Future Research

In this part, we have developed a model for medical units that incorporates two decision levels
into one. We are able to use this model to set both staffing levels inside the Medical Unit, as well
as design the size of the unit itself. We proposed an appropriate staffing procedure that carefully
balances the system in the QED regime, in a way that stabilizes over time both utilization levels and
service-level performance measures, such as the probability of waiting to a nurse and the probability
of being blocked when seeking an available bed in the ward. We developed QED approximations
that provide the expected service level under this procedure. We validated our approximations in
various settings of system size and parameters, and showed that it works well both in large and
small systems, as well as in realistic cases of an Internal Ward. We used QED approximations to
better understand the dynamic of our system, and the influence of the various parameters.

We then developed a generalization of our QED approximations, to a wider set of networks,
and used it for the analysis of the semi-open Erlang-R model. We showed that, in time-varying
environments, one can stabilize both P(W > 0) and P(block) over time, using a variation of the
MOL staffing procedure. When comparing the semi-open Erlang-R to the non-reentrant system
(M/M/s/n), we demonstrated analytically that using the simpler model in Re-entrant situations is
detrimental, both in steady-state and in time varying environments.

Our models have natural extensions, such as multi-classes of patients or nurses, additional phases
of clinical treatment, adding doctors (most likely working in the ED regime, in parallel to nurses in
the QED regime), and random parameters. We have given thought to some possible such extensions,

and we describe some of them in greater detail in Part I'V.
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Part 111

Empirical Analysis of Patients-Flow Data

22 Introduction

In this part of the research, we provide details of an extensive empirical analysis that we conducted on
patient-flow data at one of the largest hospitals in Israel. This hospital has approximately 1000 beds
and 45 medical units. It provides service to about 75,000 patients annually. The hospital provided us
with four years of data pertaining to all of their patients’ transfers throughout the medical wards. We
cleaned this data and used it to better understand the implication of various operational decisions.
The empirical analysis we provide here is mainly concerned with the Hospitalization Wards, and
focuses mostly on IWs. Additional analysis of this data can be found in Marmor [56] and Tseytlin
[71].

We start, in Section 23, with empirical analysis of arrivals to IWs. We show how the arrival rate
changes over scales of hours, days and months, and during special times such as the 2006 Israel-
Lebanon War. We compare the IWs’ arrival rate patterns to the ED’s arrival rate, demonstrating a
time-delay between the two, which are due to the LOS in the EW. Then, in Section 26, we analyze
the LOS distribution in the IWs over two time-scales: days and hours. We provide operational
explanations for the unique shape of the daily LOS histogram. We compare the four IWs, and show
that all their LOS distributions have the same shape, although the parameters of these distributions
are different. For example, the expectation of the LOS varies among wards. We verified the opera-
tional reasons for those differences by interviewing the medical staff and management of the wards.
We also consider how one can simulate such special LOS distributions. In addition, a more detailed
analysis was performed to investigate the dependence between LOS and the load in the Ward.

In Section 25.1, we demonstrate how arrival, departure and LOS become integrated in the WIP
measure, and show how the number of patients in the ward (WIP) changes over time. We then
discuss its influence on the workload of nurses.

In Section 24, we investigate the frequency of blocking at the IWs. We show that the blocking
of the IWs experienced significant growth over the years. We show that this is to be expected when
considering trends in the arrival rate and the reduction of available beds. We also provide other
operational explanations that were deduced from the interviews.

Lastly, in Section 27, we compare other medical wards (e.g. Oncology) to the IW. We find several
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differences, such as in the probability to return within three month, and the LOS distribution. We
discuss medical and operational reasons for those differences.
22.1 Data Description

This documentation describes patient-level data at the Hospital. The data was recorded over the
following periods: 1/1/2004 - 1/12/2008. There is a record (line in the file) for each patient’s transfer

in the hospital. The following are the fields for each record:
e Key - a unique number which identifies the ID of each patient.

e AdmissionNo - Patients during a particular visit in the hospital are identified by a serial
number. Thus, the Key remains constant across visits, while the AdmissionNo changes by

visit.

e FALAR (ED-Ward) - A code of the location type. (“3 (ED)” - Emergency Department, “1
(Ward)” - A medical ward).

e BEWTY (MoveType) - A code of the transfer transaction type. (“1 (Enter)” - enter the
hospital, “2 (Exit)” - exit the hospital, “3 (Move)” - transfer inside the hospital between
wards, “6 (Exit V)” - patient exits the hospital for a “vacation”, “7 (Return V)” - patient

returns to the hospital from “vacation”).
e D-BWIDT - Patient’s arrival date to the ward.
e D-BWEDT - Patient’s exit date from the ward.
o BWIZT - Patient’s arrival time to the ward.
e BWEZT - Patient’s exit time from the ward.
e ORGPF - Nursing ward code (the physical ward where the patient is hospitalized).

e ORGFA - Medical ward code (the ward that is actually in charge of the patient, which could

differ from the ward where the patient physically resides).
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23 Arrivals to the Internal Wards

In this section, we describe the trends and patterns of arrival rates to the Internal Wards, in various
resolutions. The analysis provided here is only of the average arrival rate, and does not describe the
stochastic variability of the arrival process. The analysis is carried out in three time resolutions:
yearly, weekly, and daily. Each time-scale serves different hierarchy level in the hospitals’ work-force
planning process, as described in Section 10.3.3.

Figure 53 describes the arrival rates per month from March 2004 to October 2008. Arrivals
vary between 900 and 1,150 patients per month. There is general increasing trend in the number
of patients of 1.7% per year. We also observe a special period between July and August 2006, in
which the arrival rate is much smaller, around 850-900 patients per month. This is the effect of the
2006 war in the north of Israel.

In order to identify monthly patterns, we calculated the average monthly arrival rates. This
data is presented in Figure 54, with minimum and maximum values for each month (the data from
7-8/2006 were excluded). We see that January is the month with the highest arrival rate during the
year, with an average arrival rate of 1,150 patients per month. This fact is in agreements with the

common winter overcrowding of IWs. From January to April, the rate deceases, until it reaches a

patients per month.
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Figure 53: Arrival by year and month

When considering weekly patterns of arrival rates, we identify the following pattern (see Figure
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Figure 54: Arrival by month

55): The rate is highest at the beginning of the week (Sunday-Tuesday) and lowest during the
weekend (Friday-Saturday). This pattern is valid for regular patients but not for Ventilated (V)
and ICU (Intensive Care Unit) patients as can be seen in Figure 56. The arrival rate of the severe

patients is constant over the days of week.

1 2 3 4 5 6 7
Day of Week

[ WA = IWB +IWC  IWD »*IWE]|

Figure 55: Arrival by day of week

When considering daily patterns, the arrivals to IWs are determined by the arrival process to
the EW. We know that patients arrive at the hospital according to a time-dependent arrival rate

[56]. Most patients arrive to the ED during the day and move to the IWs in the late afternoon.
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Figure 56: Arrival by day of week and patient type (Regular, V, ICU)

Figure 57 shows these daily patterns together. The process of admissions to the wards (transferals
from the ED or other wards) has a pattern similar to the general arrivals but it is shifted in time.
The time-lag between them is due to the LOS in the EW. Figures 58 and 59 show the weakly and
daily arrival rate patterns of all IWs. We observe that most patients arrive to the IW between 12:00
- 02:00; late night and morning hours arrival rates are much lower. We also observe that weekends

behavior is close in shape to weekdays behavior, though the overall volume during weekends is lower.
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Figure 57: Arrival to EW and IW by day of week and hour
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24 Blocking at the Internal Wards

The number of beds in each ward is limited. Hence, there are cases in which a patient is referred to
a specific ward but there are no available beds for hospitalization in that ward. In such cases, the
patients are blocked in the ED and transfered for hospitalization in other wards. The doctors of the
originally-assigned ward will be in charge of the medical needs of the patient, but nursing treatment
will be the responsibility of the actual hospital ward where the patient is located. Therefore, there
is a distinction in the data between the Nursing-ward code, which is the code for the physical ward
where the patient is hospitalized, vs. the Medical-ward code, which is the code for the ward that is
actually in charge of the patient. Using this difference, one can estimate and analyze the frequency
of blocking. There is also a less significant phenomena where, under these circumstances, another
patient is actually transferred (or released) from the referred-to ward in order to vacate a bed. We
do not estimate these incidents.

The number of beds in the IWs changed over the years. Figure 60 shows the number of beds
available in all the IWs during the period 2004-2008. We observe that, in general, there is a reduction
in the number of beds. At the beginning of 2007, there was a period during which a new “half-ward”
with 20 beds was opened on a temporary basis. We also observed in Section 23 that the arrival rate
increased over the years. Hence, we anticipate that blocking incidents will increase.
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Figure 60: Number of beds in IWs by year and month (2004-2008)

Figure 61 describe blocking incidents that happened during the studied period. In general,

the blocking percentage is around 3% (average of 30 incidents per month, when the arrival rate is
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around 1000 patients per month). Figure 61 shows that, until 2007, blocking occurred mainly in
January which is the month with the highest arrival rate. But from year 2007, blocking became
a routine event. From 2007, almost 20% of the patients in IW E were blocked every day (see
Figure 62). Some of the change is explained by the incease in arrivals and decrease in hospital
beds (64). When examined in more details, we find that this is not the whole story since peaks in
blocking do not match peaks in arrivals during that period. We have investigated the change we saw
by intervieiwing hospital managment, and discovered that, at the beginning of 2007, the hospital
started renovating IW D, and decreased the number of hospital beds in this ward. Therefore, the
hospital decided to dedicate some of the beds in Ophthalmology Wards to IW patients; in fact, the
Ophthalmology Ward became a branch of IW E. From that point on, patients were transferred to the
Ophthalmology Wards on a regular basis, not only when blocked. Hence, in this graph, we see two
seperate phenomena that represent two blocking policies: until 2007, blocking only when necessary,
during overcrowding periods; and after 2007, load balancing between IWs and a new “buffer” ward.

Figure 63 illustrates the blocking phenomena on Day Of Week (DOW) basis, along with the
number of patients in the ward, during the period 2007-10/2008. This is an interesting graph since
it shows that blocking is stable during the week although arrival rates and the number of patients
during the weekend are much smaller. This might be also a consequence of routinely sending patients
to the buffer ward, balancing that continue also during weekends, as there are fewer personnel in
the wards during weekends.
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Figure 61: Number of patients blocked by year, month, and ward (2004-10/2008)
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Figure 63: Number of patients blocked and patients load by day in Ward E (2007-10/2008)
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25 Departures from the Internal Wards

In this section, we describe departure rate patterns. These are different from the arrival rate
patterns both in weekly and daily resolutions. Figure 65 shows weekly patterns. We observe that
the departure rate during weekdays is higher than during weekends. There are very few departures
on Saturdays. During weekdays, there are more departures on Sunday, Wednesday, and Thursday
than on Monday and Tuesday. There is a tendency to release patients before the weekend, which
is very clear in the data. This has two reasons: First, the hospital has fewer staff during weekends,
who can therefore treat fewer patients; Second, there is the need to release beds for patients who are
admitted at the beginning of the week. Figures 66 and 67 describe patterns at a daily resolution.
We find that patients leave between 12:00 to 21:00, most of them between 15:00 to 16:00. The
departures’ daily pattern is very different from that of arrivals. This is due to the release procedure.
Specifically, during morning hours, doctors check all patients and decide which ones to release.
Then, between 11:00 to 12:00, they write release letters that they pass on to the nurses. The nurses
continue the release process by guiding the patient and family through the release bureaucracy, and
providing instructions for further treatment. If needed, the nurse coordinates the patients’ transfer
to another location (e.g. an elderly citizens’ home or a rehabilitation center). This process takes
several hours, and thus most patients are released in the early afternoon. The difference between
the arrival rate and departure rate patterns determines the changes in the number of patients over
the day and the unique LOS distribution that will be described below.
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Figure 65: Departures by day in all Internal wards (2008)
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25.1 Number of Patients (WIP) in the Internal Wards

In this section, we examine the behavior of in the number of patients (WIP) at different resolutions.
Figure 68 illustrates the average number of patients in each IW, at a yearly resolution. We also
indicated the number of beds on the same graph. This graph exhibits a very similar picture to the

one we saw when examining the arrival rate. We observe the following interesting phenomena:

e During 7-8/2006, all the wards had a low number of patients. This was due to the war during
that time. The low count is consistent with the decrease in arrival rates exhibited during this

period, as seen in Figure 53.

e The number of patients in IW D decreased starting from April 2007. As we see in Figure 68,

this is consistent with the reduction of the number of beds in this ward, starting at that time.

e Between 1-3/2007, the number of patients in IW B is very large. This is due to a unique
organizational change that was implemented during that period, in which this ward was added

a branch of 20 more beds, located in a different location.

e The number of patients in IW E was slightly reduced starting in 4/2008. This is again due to a
reduction in the number of beds, which occurred because the ward was moved to a temporary

location, with a smaller space, for renovation.

e In some cases, the number of patients is larger than the number of beds. In these situations

patients are hospitalized in corridors.
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When looking at a weekly resolution, for example in Figure 70, we note that the decrease in arrival
rate and increase in departure rate, during Wednesdays and Thursdays, reduces dramatically the
average number of patients towards the weekend. The fact that, during the weekend itself, patients
are not released causes an increase in the number of patients that starts on Friday evening. When we
study a daily resolution, we observe that the number of patients in the ward, during the afternoon
hours, is significantly lower than the average number of patients during the whole day. Figure 69
illustrates this pattern in Ward A, by week days, and Figure 71 illustrates the same pattern in Ward

A during the hours of the days on Sundays.
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Figure 69: Arrivals, departures, and number of patients in Ward A by DOW

It is obvious that daily changes in WIP (patients count) imply daily changes in workload. As
discussed in earlier parts of this thesis, it is customary to define personnel workload on the basis of
number of patients in the ward. The fact that this is changing in time suggests that some adjustments
in personnel levels should be performed during the day. The only problem with this idea is that
workload is not evenly distributed over a patient’s LOS. In reality, when patients are arriving to
the ward and when leaving it, there is much more work for the nurse. If the arrival and departure
rate were constant, this would not influence the workload. But when they do change overtime, they
could have a dramatic impact on personnel workload. To understand this impact, we estimate the
workload that each patient brings to the ward, using our Erlang-R model. Each patient alternates,

during his stay, between “needy” and “content” states. When a patient is needy he requires service
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Figure 71: Arrivals, departures, and number of patients in Ward A by hour
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from a nurse. A patient starts and ends his stay in a needy states. The average time of the first
and last services (when admitted or discharged from the ward) could be different from the average
service time of regular services (we do not have data on such times, but it is reasonable to make
this assumption, and it is supported nurses). Thus, in order to define the average workload over the
week, we shall count the number of patients that arrive, depart and are hospitalized during every
hour, and multiply them by the service time they require. Figure 72 shows the changes in workload
during one customer’s stay. We see that the times when the WIP is lowest are those when the
workload is highest. Thus, if one tries to calculate workload solely on the basis of the number of

patients in the ward, one would significantly underestimate workload at the busiest time of the day.
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Figure 72: Number of patients and workload during the LOS of a random patient

One way to avoid this problem is to consider the number of patient at a specific time of day, and
calculate personnel staffing at a weekly resolution. Figure 73 shows the distribution of the number
of patients at midnight. We choose that time as the changes in the number of patients during night
hours is low, and hospitals use it as a proxy for the load level in the medical ward. The distribution
seems almost normal, which implies that classical queueing models might be useful for predicting

the number of patients on a weekly resolution. One of the most important parameters for such
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models is the LOS distribution, which we form to next.
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Figure 73: Density of the number of patients in all IWs

125



26 Length Of Stay (LOS) in the Internal Wards

In this section, we investigate the distribution of LOS, and the changes in ALOS during the years.
As before, we first study yearly resolution to identify trends. Figures 74 and 75 depict the ALOS in
all the IWs, at a resolution of years and month, respectively. We see that the ALOS has changed
during the years and months, and is different among wards. It seems that IW E and B have much
shorter ALOS. We found several explanations for that phenomena. IW E treats the easiest patients
of all IWs, thus its patients are expected to stay a shorter time at the hospital. However, this is not
the case for IW B. In order to understand this fact, we interviewed the management of IW B. In
IW B, one of the doctors is assigned the task of reducing delays for exams and for specialist-services
from other departments at the hospital. This is crucial at the beginning of a patient’s stay, when
the treatment plan is outlined. Sometimes ward B sends more patients per day to exams than is
set by hospital regulations. These regulations were made to guarantee equal access to medical care
by all wards, thus this practice might not work if all wards exercise it. When examining Figure 74
more closely, we also see that, during 1-2/2007, the ALOS of ward B was significantly increased.
This was the time when IW B had the branch of 20 additional beds. This raises the conjecture that
there is also an effect of the size of the ward, namely diseconomies-of-scale in our case: larger wards
are harder to manage, which has a negative effect on the ALOS of patients. This conjecture is also
supported by the reduction in the LOS in IW D from mid-2007, when ward size decreased. More
research is needed, though it is clear that ALOS can be reduced. The fact that the LOS is not stable
during the months and between wards raises the hypothesis that there are other parameters that
influence ALOS. In the next section, we study one such hypothesis and investigate the connection
between LOS and the workload in the ward.

We also examined the LOS distribution. Figure 76 shows the LOS cumulative distribution for
the last two years. When looking at a resolution of days and hours we find two interesting patterns
in the LOS distribution: We see that there is a clear stochastic order between wards A, C, D, and
B. Figure 77 shows the LOS distribution in one of the Internal Wards. It can be seen that, when
considering daily resolutions, the gamma and log-normal distributions fit the data well. The second
and third graphs are at hourly resolution and illustrate the impact of the discharge policy: the
decision on discharging patients is done once a day, hence the LOS distribution has peaks in spaces
of 24 hours. This distribution looks like a mixture of several normal distributions. Figure 78 shows

the LOS distribution for the other internal wards in a resolution of days.
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Figure 76: LOS cumulative distribution function of all Internal wards 2007-8

26.1 Length of Stay in Internal Wards as a Function of Workload

In this section, we investigate the impact of workload on the LOS in IWs. There could be two
approaches to investigate this dependency. The first is using econometric tools as in [20], the second
using queueing theory as in [56]. We follow the latter as it provides a more complete picture of
the relation between the two measures. There are several ways to define workload. We consider
the patients load, i.e. load due to the number of patients present in the ward. If LOS depends
on the workload, we expect to find that, in highly loaded times, the release rate from the ward is
higher then in lightly loaded times. This higher rate could be a positive effect that represents the
ability of the system to increase its efficiency when needed, or a negative sign of overcrowding that
enforces doctors to send patients home too early. One can distinguish between the two, for example
by examining the fraction of returns as a function of workload.

In order to find whether release rate depends on the number of patients in the ward (denoted by
l), we consider the medical ward as a black-box and fit a birth and death process to its number of
patients. We then examine the fit of several queueing models to the data. The models we consider
are M/M/oco, M/M/s, and M/M/s/n. In these models, it is implicitly assumed that there is no
dependency between the release rate and the state of the system. Hence, in all of them there is an
increasing linear relation between the death rate and the number of customers in the system (at
least over some range of ). Figure 79 demonstrates this relation.

In order to fit a birth and death process to the number of patients in a ward, we use the following

notation: Define 7} to be the average time that the system is in state [ (the ward has [ patients)
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Figure 78: LOS distribution of IW B-E

until it moves to either state [ + 1 or [ — 1 (i.e. a patient enters or exits the ward). In addition,
define P ;41 as the probability to transfer from state [ to state [ + 1, given that it was in state [,
and P ;1 as the probability to transfer from state [ to state [ — 1, given that it was in state [. We

estimate these probabilities by calculating the proportion of times the system moved between these

states, given that it was in state [. Then, Pli’fl d Pl;jfl
! !

are the birth and death rates from state
[, respectively. We then examine the death rate as a function of [, in order to support or refute our
hypothesis, i.e. does one of the classical queueing models fit the data?.

Figure 80 depict the death rate as a function of [, for all wards during the period 8/2007-7/2008.
We chose that period since there were no changes in the size of wards, and we are unaware of any
policy changes during that period. The range of states varies among wards because each Internal
ward has different bed capacity. We note that death rate is constant for most system states. In
some of the wards, (e.g. IW B and E) the death rate seems do decrease in the first lowest states,
and in other wards (e.g. IW C and E) we note an increase of the death rate in the highest states.
As can be seen in Figure 81, this almost constant death rate means that the release rate from the
ward decreases as the number of patients in the ward increases, which is different from previously

mentioned queueing models. The increase at the end means that if the ward is overcrowded than

patients are actually sent home, in order to clear beds in those wards.
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26.2 Simulating Internal Wards Length of Stay

In Section 26, we described the LOS distribution in two time scale: days and hours. The latter

distinct shape can be created in the following ways:
e Method 1: Create hourly LOS as a mixture of normal distributions.

e Method 2: Sample the number of days from Log-normal distribution and the actual departure

time from a normal distribution around 15:00.

Using the second method is not simple: When creating an IW simulation, this two-steps procedure
of sampling LOS must be combined with the dynamics of the IW itself, and thus one would like to
create a mechanism in the simulation in a way that eventually results in this kind of LOS.

We propose the following mechanism: After arrival, sample a departure time for the following
day around 15:00. This time is normally distributed. Then determine departure by drawing from
the following distribution: given a patient is on her ¢t-day of hospitalization, release the patient with
probability h; and stay for another day with probability of 1—h;; Here the values of h; are drawn from
the hazard-rate function of the LOS distribution in a time scale of days (hy = P(LOS = t|LOS > t).
Figure 82 shows this hazard-rate function for IW A. It seems that h; is increasing at the beginning,
then decreasing, and finally stabilizing. Figure 83 shows the LOS created by this method verses
actual LOS data in IW A.
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27 Returning to Hospitalization - Internal Wards vs. Oncology
Wards

Up to now, we concentrated on IWs, but a hospital is rich with other medical wards that have
different characteristics. We now study the phenomenon of returning to hospitalization, as a classi-
fying characteristic among wards, and discuss its significance for determining beds allocation. We
distinguish between two types of wards: First are wards where a patient is admitted for a one-time
treatment, such as an IW. In such wards, if a patient returns shortly after a previous visit, the
return is considered negatively, possibly due to a lack of treatment received (though this is certainly
not always the case). The second type of wards, such as an Oncology ward, is one in which patients
return for treatment every several weeks. In this case, patients are expected to return, and each
patient visits the hospital many times until cured. Table 5 compares the average number of returns
per patient, in the studied period, and the probability of return within three months. We see that

the two types of wards are indeed very different.

Ward Average returns | Average time between successive | Probability of return | ALOS
per patient returns of a patient (days) within 3 month (days)

Internal 1.76 208 22% 4.8

Oncology 5.46 22 5% 3.4

Table 5: Returns to hospital

Figure 84 shows a histogram of the number of visits per patient in Oncology wards. Figure 85
shows the distribution of times between successive returns of patients in the Oncology wards.

This analysis improves our understanding of the connection between the number of beds needed
and the corresponding offered load: the latter requires a separation between hospitalized patients
and those who are currently on “vacation” (i.e. at home). While in an IW, one can generally assume
that each visit of a patient is independent of previous visits, this need not be the case in wards
such as Oncology: the latter must reserve space for patients that are in the middle of a series
of treatments. In fact, these patients must have a higher priority over new patients, who can be
transfered to another facility if needed. Hence, Oncology planning is closer to the planning of a
medical clinic (see Green et al. [37]).

We propose to use the Erlang-R model to solve the bed allocation problem of such wards. In this
case, “Needy” patients are those who are currently hospitalized in the ward, “Content” patients are

the ones who are under the responsibility of the clinic but currently at home. The model enables
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one to separate the two streams of customers: new and returning, and set each one its own service
goals. Here s will be the number of beds allocated to the ward, while n can set the maximum
number of patients treated by the ward. Returning patients should not wait long for a bed. On the
other hand, treatment is very expensive, which suggests that in this case P(W > 0) should be lower

then P(block).

08117/% = 0.19. Using our analysis in

The offered load ratio, in Oncology wards, is B =
Section 19.1.3, we deduce that with such offered load ratios, considering the influence of returning
customers is very important. Therefore, the semi-open Erlang-R model is more suitable than the
Erlang-B model (as suggested by de Bruin et al. [10]). There is also another difference between the
approach of de Bruin et al. and ours, as they have not made the distinction between the number
of beds (s) and the maximum number of treated patients (n), and assumed them to be equal (i.e.
s=mn).

Figure 86 shows the arrival rate per month to Oncology wards during 2006-2008. Note that there
is an increasing trend in the arrival process. We observe an increase of 11% per year in the number
of visits to the Oncology wards. This fact suggests that it might even needed to use a time-varying

model.
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Figure 86: Arrival rate to Oncology wards, 2006-2008
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28 In What Regime Do the Internal Wards Operate?

In the field of service engineering, it has become customary to distinguish between three operational
regimes: The efficiency-driven regime (ED-regime), the Quality-driven regime (QD-regime), and the
Quality- and efficiency-driven regime (QED-regime). The ED-regime emphasizes the efficiency of
the system: servers are highly utilized (close to 100%), and hence customers typically suffer through
a long wait for service. In the QD-regime, the emphasis is on the quality of service provided to
served customers: servers are available for service for a significant part of the time, and customers
hardly wait for service. The QED-regime is somewhere in between: the emphasis is both on service
quality and on servers’ utilization. In large systems that operate in this regime, we find that servers’
utilization is around 90% and customers wait about half of the times. We would like to determine
in which of these regimes the IWs operates. We discuss this in relation to beds and doctors.

We argue that beds’ capacity of the IWs is managed in the QED-regime. To support this
statement, and in view of the fact that we have no data on the nurses operation (service time and
staffing levels), we propose to fit a loss model (Erlang-B, as in de Bruin et al. [18]) to calculate a
theoretical value for the probability of blocking. The probability of blocking is the probability that
a patient does not find an available bed in the unit he needs.

In the QED-regime (n ~ R+ Bv/R), P(block) ~ L = 4 90) " and the occupancy level p ~

T vn T Vn (@)
1 — 22 both are O(1/4/n). Taking the data of year 2008, we find that the average LOS in all

n

IWs is 5.12 days, there were 186 beds in all the IWs, and the total arrival rate is 34.4 patients

per day. Thus § = ”\;RR = 183;;4;51"212 = 0.4 and, P(block) ~ 2.9%. We checked, in our data,

the fraction of patients that were physically hospitalized in other wards, but were still under the

medical responsibility of IW doctors. We found that it is 3.54% of the patients, which is quite
close to the the theoretical value of 2.9%. In addition, the approximation for the occupancy level is
p ~ 91.7%, which is again very close to the actual value of 93.1%. Therefore, the facts that support

our conclusion are:
1. The blocking probability is 3.54%.
2. Average beds’ utilization is 93.1%.

Note that fitting a semi-open Erlang-R (assuming one had the data on nurses) would have retained
the above conclusion, due to the orders of magnitude of blocking and utilization: both are of QED
order.

When considering doctors, we argue that doctors operate in the ED-regime. This claim is based
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on the following procedure: from 16:00 in the afternoon to 8:00 in the following morning, there is
only one doctor on duty in each IWs. This doctor admits most of the new patients of the day.
Therefore, if a patient is admitted to an IW (i.e., only if there is an available bed) he must wait
until both a nurse and the doctor on call are available. The average reception time by the doctors is
30 minutes. Thus, the appropriate model for considering the waiting of a patient in the Emergency
ward until transfered to one of the IWs is an M;/G/1 model. We hypothesize that doctors operate
in the ED-regime, since the service time is 30 minutes, while the waiting time of a patient in the
Emergency ward has an average of 2.5 hours (see Tseytlin [71]). This is a common characteristic of

the ED-regime, where the waiting is much longer than service time.
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29 Part III - Conclusion and Future Research

In this part of the thesis, we have observed interesting phenomena obtained through extensive
empirical analysis of patients flow data. We showed how arrival and departure rates change in
time, and created distinct LOS distribution. We showed how arrivals and departures combine to
create changes in the number of patients, and the implication of that observation on staffing and
bed allocation. We discussed several interesting problems that arise from the data, such as the
dependency between load and LOS.

Our data is very rich, and much more analysis is called for. As an example, we plan such empir-
ical analysis for two Maternity wards, operated in parallel, where one distinguishes between three
types of patients: normal birth, pre-birth (pregnancy) complications, and during-birth complica-
tions (typically due to a Caesarean section). We would like to investigate whether this distinction
has an impact on LOS distribution and how it effects load balancing problems between the two

wards.
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Part IV

Future Research

In this last part, we propose several possibilities for future research.

30 Combining Managerial / Psychological / Informational Disec-

onomies of Scale Effects

In their article Boudreau et al. [12] discussed the importance of combining Operation Management
and Human Resource Management (HRM) models. The integration between the two fields is very
challenging. This integration requires some collaboration with researchers from the field of HRM,
which is not common practice. We consider it important to try and carry out such integration in
nurse staffing for one main reason; when discussing our models with doctors from an Israeli Medial
Center, there was major concern that the model might recommend “too large” departments. The
claim was that there is a managerial / psychological / informational limit to the number of patients
one MU can actually treat, and if that limit is surpassed, the quality-of-care deteriorates. The claim
was that a large MU is inferior to several small MUs, even though in a smaller MU one has fewer
medical personnel. We found that claim interesting, and suggest a few explanations for the source

of this diseconomies-of-scale effect.

1. Managerial causes. The MU manager is the one most responsible for the medical decisions.
The doctors work as a team, consulting one another about the patients before taking a medical
decision. Adding more doctors thus increases the level of knowledge of the MU but, due to the
form of responsibility distribution, it might not always lead to a similar rise in capacity. The
framework of team vs. individual responsibility has been investigated in the field of HRM. In
our context, one can find the two ways of setting, i.e. (a) team vs. (b) individual. (a) A team
of doctors was mentioned above. One can say that nurses also work as a team if all of them
are jointly responsible for all the patients in the ward. (b) In the individual setting, there is
one nurse for one or more specific patient(s) as in the case of Intensive Care Units. From the

operational point of view, the two settings are different.

2. Psychological causes. Are there unique learning and forgetting effects? It seems that there is
a difference in learning schemes between various service environments, such as the machine-

repairman problem, call center and nursing staffing problems. We know that in call centers,
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each customer is different, though his/her problems are alike (and can be classified into certain
types). One can see a learning curve in which as a new service person starts to work she begins
to learn the different types of services; as she deals with more customers she becomes more
professional which, in turn, is reflected in the rise in the quality and the efficiency of the
given services. This learning effect is known also in Industrial Engineering. This means that,
in reality, the service rate p is not a constant parameter but is actually a function of time,
i.e. u(t). Usually we ignore this effect by looking at steady state, assuming that all nurses
have sufficient experience. In repair-man and nurse-staffing problems we see the same effect:
as one service person deals with more customers (i.e. machines or patients) she learns more,
becoming an expert. An expert will deal with problems more efficiently; she is capable of
treating more customers better and faster. But there is one difference: in nursing and machine-
repair problems each customer “calls” the server several times during his stay/use, but the
server needs to treat each customer as an individual and to remember his problems. This is
customer learning effect. Thus, as the number of patients per nurse increases we might find a
dis-economic-of-scale effect, where the reset-time of starting the treatment of a patient might
grow with the number of customers. One could say that p is actually a function of the system,
for example: p(s,m). One might be able to make some assumptions on the shape of that
function (e.g. convex or constant). Combining the two learning effects, the customer learning
and the job learning, one may define a service function u(s,n,t). But as mentioned before, we
may prefer to look at steady state, and assume that all nurses have sufficient experience, and
ignore the time effect. The shape of the function (s, n) is not clear; it might increase due to

overload effects (see below) or decrease as usually happens in learning curves.

. Informational causes. How does the medical personnel react to the information overload caused
by a large number of patient? Hall and Walton [40] reviewed some literature on Information
overload in Health-Care systems, which raises some possible effects of overload. This raises
the following question: Does the number of errors rise as a function of the nurse-to-patient

ratio or as a function of the unit size?

These possible explanations could be investigated; with the combination of the Mental- and

Physical-capacity into a single model is being important and challenging. Technically speaking,

if we could define some Quality-of-Service (QoS) function in one of the following ways: (a) As a

function of the workload (b) As a function of the number of patients in the system, i.e. f(n), or

(c) As a function of the number of servers and patients in the system, i.e. f(s,n), then we could
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combine this QoS function into our optimization model. The following ways are possible:
Define E(QoS) - the average Quality of Service in the MU with n beds and s nurses, or define
P(QoS < «) - the probability that the service quality in the MU will be less than «. Then,

ming s C(n,s) = Cyn + Css;
st P(W >t)<a;

P(block) < b;

P(QoS < a) < ¢; or E(QoS) < ¢
0<s<n

The calculation of the QoS measure will be based on the system product-form solution, or its

approximations.

31 Phases of Treatment or Heterogeneous Patients

31.1 Combining the Phases of Treatment During the Hospitalization Period

When discussing this research with some medical crew, we became aware of an interesting phe-
nomenon; at the beginning of the hospitalization period (approximately the first twenty-four hours),
the patient requires intensive care while, as days pass, the care becomes less and less intensive. One
can model this fact as a frequency reduction or as a service-duration reduction over time (i.e. the
service-time function will decrease as a function of the LOS). We can divide the stay into a finite
number of sequences, and categorize them. I will demonstrate this with the two following classes:
(A) Intensive Care and (B) Regular Care. The following Figures, 87 and 88, illustrate two possible
models of the system. The first assumes that a patient can move from class A to B and the reverse.
The second model assumes that a patient starts in class A and, at some point in time, he moves
to class B and later leaves the system from class B. In both models the differentiation between
the stages was modeled through frequency reduction. This was achieved by using the following
assumption: § > 7.

The first system is a Jackson network, with the same structure as described in Chapter 17.
Thus, it can be solved and approximated using the same methods. (open questions: is there an
assumption on the relationship between the sorting probabilities? how can we calculate them?)

The second suggestion is a closed BCMP network® (which has a product-form solution defined by

4BCMP network contains an arbitrary but finite number N of service centers, and an arbitrary but finite number

R of different classes of customers. Customers travel through the network and change class according to transition
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Baskett et al. [9]), assuming FCFS discipline with identical and exponential service rates. This
model describes the situation more precisely, but it might need to be solved separately.

Note: This is one of the differences between the call center or repairman problem and nurse
staffing. Is it similar to a learning effect in some sense? (the learning of specific customer instead

of the learning of the server)

31.2 The Influence of Time Delays Before and After Medical Analysis or Surgery

In addition to the description of classes of patients in the previous subsection, one can add classes
regarding the treatment stages, i.e. before and after medical analysis or surgery. The model shown
in Figure 88 also fits this situation. This modeling allows us to give priority in medical care to each
class of patients, by setting different waiting threshold for each class. The questions that arise here
are about priority schemes, and staffing levels.

One might also want to look at a more delicate issue, and check with doctors the possible influence
of time delays on the patient situation. Is there a change in the rate of patient’s state during the
waiting time, as a function of the patient’s class? Our assumption throughout this work was that
this rate is constant, i.e. there is a linear connection between the waiting and the patient’s state. But
if it is not, for example, if it is an increasing function, then the model might give an underestimation
for the required staffing levels. (Remark: in the case of the machine-repairman problem it could be
either way, depending on the mechanical aspects of the machine; there are “delicate” machines that
need repairing immediately, while other machines can stay for weeks without changing their state).
This function could also change over stages, which means that when a patient’s state is critical, the
rate might be increasing, but when the medical state of the patient is stabilized (i.e. not critical) the
rate might be constant. (For a model that combines the changing influences of waiting and service

(in the psychological aspects) see Carmon et al. [14]).

probabilities. Thus, a customer of class » who completes service at service center ¢ will next require service at center j
in class s with a certain probability denoted P, js. There are four types of BCMP networks, that differ according to
several condition it satisfies concerning the service discipline and service-time distribution. We will consider here only
Type 1. The conditions are: The service discipline is FCF'S; all customers have the same service time distribution at
this service center, and the service time distribution is a negative exponential. The service rate can be state-dependent

where u(7) will denote the service rate with j customers at the center.
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31.3 Classes of Patients (Heterogeneous Patients)

There are situations where the MU treats a few types of patient, who could be divided into several
groups (or classes) that are independent of each other. There are situations where the classes of
patients are dependent in various ways; we dealt with such models in the sections above. When the
classes are independent, the model is simpler. An example of a two-class model, can be viewed in
Figure 89. The network is a simple BCMP network, where patients from one class cannot transfer

to another class but stay in the same class for their complete stay in the system.

exp(u), S
Poiss(7)  — > >
A=Ay + A ﬁ;—’ >
N exp(d),

Figure 89: New model for two classes of patients

32 Nurses in the QED Regime, and Doctors in the ED Regime

There is a difference between the cost of doctors and of nurses. This difference suggests that a
different regime must be considered when setting staffing levels for each type. The more expensive
resource should be ED-staffed, gaining very high utilization levels, while the less expensive resource
should be QED-staffed, with a balance between utilization and service level. We can model this
situation in the following way: we assume that nurses and doctors are separately required, therefore,
the communication and synchronization between nurses and doctors are made at separate times, i.e.
not in front of the patient. The model contains two stations of the M/M/S type with sy and sp
servers (denote as node N for Nurses, and node D for Doctors), and one M/M/co node, as seen in
Figure 90. In this way it is a closed network, with a fixed population of n patients. The situation
could have been modeled also as a semi-open network that contains one entrance node of the type

M/M/1, as done with the model we analyzed previously (in Chapter 11). In this case we believe,
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based on our previous experience and knowledge of the ED and QED regimes, that the appropriate

QED+ED conditions might be:

Alirgon — SN\;p;fD oy, —00 < 1) < 003 (i)
/\lim VSN (1 — ]EN> = [, —00 < 1 < 00 (ii)
—00 1
lim sp <1 — RD) = [39, —00 < B2 < 00. (iii)
A—00 S92
exp(t4), S,
—> —_—
g exp(s,), S,

exp(o),»
N —@ - |

Figure 90: ED (doctors) and QED (nurses) model

Another option is to assume that, in some cases, nurses and doctors need to provide service

together. This assumption might lead to a different model.

33 The Combination of Patient-Call Treatments and Nurse-Initiated

Treatments

In reality, patients that do not “call” a nurse need to be checked and treated every fixed period of
time. This means that if the patient has not called the nurse for T units of time, he will join the
queue anyway, since the nurse will initiate the treatment. The consequence is that the time between
inter-arrivals is not exponential but truncated-exponential, and the nurse station is of type G/M/s.
There are other modeling possibilities, such as using a multi-class chain in which one can divide the
flow out of the nurse node into two classes, each with different exponential dormant parameters, as

was done in the case of heterogeneous patients above (see Section 31).
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34 Two Service Stations

Suppose one has two stations of the M/M/S type with s; and sy servers (denoted nodes 1 and 2

respectively), one entrance node of the type M/M/1, and all other nodes are M/M /oo nodes. We

believe that the appropriate QED conditions will be:

. n—81—8 —A
lim =, —00 < 1 < 00;

A—00 \/Z
hmf(l—) 01, —00 < 1 < 00

hm \/> (1 — ) 0o, —00 < B9 < 0.

(i)
(i)
(iii)

But there are also other possibilities, such as working with one node in the QED regime, and the

other node in the ED regime (see Section 32).
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Appendices

A Appendices of Part I

A.1 Steady State Measures: Proof

Proof of Theorem 1 in Section 4.

Proof. Proof of the probability of waiting («) is based on the Arrival Theorem for open Jackson
networks [17]. Thus, based on the steady-state distribution, using striate forward calculation we
obtain:

0= P @920 = 33 Ry = 25 o s = [T

7=0 i=s 7=0 i=s

Defining the marginal distribution P; as the probability to have 7 customers in node 1, it follows

that:

P; = Z-PZ] = (f(gﬂm

If L, is defined as the number of customers in queue for service, and p = %, then:

P<Lq=i>:a+s=<’j§+sm:a(1—&) (Rl)i:au—p)(p)’!

S S

If a customer becomes Needy when there are already i other Needy customers in the system,
he will need to wait an in-queue random waiting time that follows an Erlang distribution with

(1 — s+ 1) stages, each with rate su. The probability that this Erlang-distributed random variable

00 SiL s;w) s

(=91 . Clearly, the patient only waits if i > s. Defining Fj as a random

is greater than ¢ is [
variable with the following Erlang distribution: Ej ~ Erlang(k,su), it follows that P (W > t) can

be found in the following way:

o — ps(pusx)=s _
P(W >t)= Jz%;PUP Ei_gp1>1) = ZP/ 1—73)' HST ]
_ ZP'L+3/ us ,ulsx) e HST o — Za (1 _ ,0) pz/ MS(/%'S{B) eHST Iy
v i=0 t v (A1)
_ > —psx (:U’Rl ) > —psT  puRix
=aus(l—p) e Z i dx = aus (1 —p) e T eh T g
t : t

=0

=aus(l— p)/ e~ hs(1=p)T o — (o—su(1=p)t.
¢
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Using P (W > t) we can define the expected waiting of customer E[W] as

(07

_[Tp Ndi= [ ae-set-org —

A.2 The Offered Load Measure: Proofs

Proof of Theorem 2 in Section 5.1.

Proof. If S; are exponentially distributed, the Erlang-R model is actually a 2-node state-dependent
stochastic network, denoted as (M;/M/SF)K where SF € {1,2,...,00}, k € 1,2 and K = 2. We
examine a corresponding queueing network (M;/M/00)? with the same structure, service rates, and
arrival rate. The only difference is that the number of servers is infinite in every node.

Let Q> = {Q°(t),t > 0} be a 2-dimensional stochastic queueing process, where Q> (t) =
(Q5°(1), Q(t)): Q5°(t) representing the number of Needy patients in the system, and Q3°(¢) the
number of Content patients in the system, at time t.

The process Q°°(t) satisfies the following equations:

@t =+ 41 ([ nun) — g ([ o an) — 4 ([ 1 -pr )
+ Ag </Ot 5@2(U)du>

Q30 - Q50+ ( [ t Qi) —an ( [ t Q5 (u)u).

where A¢, A4, A15 and Ay; are four mutually independent, standard (mean rate 1), Poisson processes.
We now introduce a family of scaled queues, indexed by n > 0, so that both the arrival rate and
the number of nurses grow together to infinity, i.e. scaled up by 7, but leave the Needy and Content

rates unscaled:

t
Q7177oo< ) an _|_ Aa < nAudu> — Ag <[) p:U/Q?,OO(u)du>

e / (1= Q)+ an ([ t Q)i
= QU(0) + A2 ( / t n/\udu> - A ( / t np/L?l?Q?’OO(U)dU>
- A (/0 (1= e QL (w)d ) + Ay (/Ot 7o (:}@Z“’(@) du) ,
1<(0) = Q3(0) + s ( /0 Q1 i) — Aar ([ 503 wa
)+ e ([ o Qp () — ([ 8 (Rt au).
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By Theorem 2.2 (FSLLN) in [53],

/'77%
lim Q) =QU) s,
n—oo M

where Q(0)(t) is called the fluid approzimation and is the solution of the following ODE:
t
QO() = Q> (0) + /0 (M = 1@ () + Q8 (w)) du
t
Q1) = Q= (0) +/0 (pHng),oo(u) - 5%0),00(“)) du.

Note that R(t) = Q(0)°°(t) by definition. Therefore, (5.2) is actually the solution for the following
ODE:

d
%Rl (t) = >\t + 5R2(t) - ,LLRl (t),
d
%RQU) = pulti(t) — ORa(1).
O
Proof of Proposition 1 in Section 5.2.
Proof. The proof of Proposition 1 can be derived from straightforward calculations:
Ri(t) = Y P EISUE Mt - Si.0 - 57— 557)]
§=0
=Y W EISIE [a+ bt — Si.0 - S - 57|
§=0
+ bt gy wi ook
=2t CEISI =P EISIE [b(S1e+ 577+ 557)]
j=0
+ bt N T X
_ ‘i " ES) - B[S Y pE[SL] - ElSibY p'E [Slﬂ} ~ B[Sy pE [S;]
p j=0 §=0 §=0
+ bt > N SN
= ‘i ——E[S1] — E[S1IbE [S1.e] > 1) — E[SIPE [$1]) _ jp’ — E[SibE [S2] Y _ jp’

p §=0 j=0 §=0
_a+bt B 1 r P
=3 — E[S1] — E[S1]bE [S ] 1—p E[S1]bE [S1] (1-p)p2 E[S1|bE [S:] (1—p)2
_ E[S] p
= ANt — E[S1e]) T b(1 — p)QE[Sl] (E[S1]+ E[S9]) -

O
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Proof of Theorem 3 in Section 5.2.

Proof. The proof of Theorem 3 can be derived from straightforward calculations:

_ iij[SI]E [ (t—Spe— S - 5*3)}

_ gpj SIE [A0) = AD(0) (S1.+ 57+ 57) + 3000 (S10+ 57+ 57)|
Y PEISIE M) - AV (1.4 57+ 5)]

=0
n %A(Q)(t)E[Sl} iﬂE [(51 et STJ + S*J) ]

J=0

_ ?[f;] {)\(t) _ /\(1)(,5) (E [Sy.e] + T (E[S1]+E [Sz]))]
£ A ELS] S v S+ (S 4 (S57)7 + 251,055 + 2577557 + 25157
j=0
_ f[i] A - A (1) (E [St,e] + 1’%}) (E[S1] +E[52])>: E[S1] ZPJ E[S:.]

+iVAR[S1] + j2E[S1]* + jVAR[So] + 52 E[So]? + 2§ E[S1,| E[S2] + 2j2E[S1] E[S2] + 25 E[S1,c] E[S1])

— Jf[f;] :A(t) A0 (E [S1e] + 1% (B[S +E [Sﬂ))i + %)\(2) () E[S4] <1ipVAR[SL6]
+1ipE[Sl,e]2 + ﬁ (VAR[S1] + VAR|[So] + 2E[S1 (| E[Sa] + 2E[S1..]E[S1])
+p(1 +p1)9§ (B[S1]? + E[S2)* + 2E[S1|E [52])>

51] [A(t ( [S1,e] + ﬂ (E[S1]+ FE [52])>

; 2) t) E Sle + 27E 51 e] ( [51] —I—E[SQ]) + P 5 (E[Sl] +E[SQD2>

(VAR [S1.e] + — VAR[Sl] + VAR[S2]) +

_ {w /\()()< [slewﬂ( i1+ (1) )

(E (Sud + 12 (BlS +E[52])>2
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A.3 The Offered-Load for Sinusoidal Arrival Rate: Proofs

Proof of Theorem 4 in Section 5.3.1.

Proof. Assuming S; is exponentially distributed, S; . = S;, knowing that a sum of j identical ex-
ponential variables, with rate u, has an Erlang distribution with parameters u and j, we can find
explicit expressions for F[cos (u)(Sikj1 + S;jz))], and E[sin (w(Sfjl + S;h))]. Defining = = S*]1 ~

Erlang(u,j1), and y = S;jQ ~ Erlang(9, j2):

Elcos (w(Sfjl + S*jz))] = Elcos (w(z +y))]

= / /Oo 1 oiw(@+y) + e—zw(ac—i-y)) 'ujl:n'jl_le_ux 6j2yj2_16_6y dxdy =
(j1 —1)! (jo —1)!

i Wylujlmjl Lo—px 5J2y32 Lo—dy (A-2)
dxdy
Gi=1! (=D

7@&}"[ 7’Lwy Mjl 1 1 _Mx 5322/]2_16_52/
- dxdy
(j1—1)! (j2 — 1)!

M]l pii—lo—px " /00 oy 5j2yj2—16—5y dy
(j1—1)! 0 (j2 — 1!
—iwx ;ujlle_le_ux ” /oo e—iwy 6j2yj2_16_6y
(1 — 1! 0 (j2 — D!

/oo Mjlelﬂe,(u*iw)wdx /oo 5j2yjzflef(57iw)ydy
0 (1 —1)! 0 (J2 — 1!

00 91 pj1—1 ,—(ptiv)x 00 §h2q02—1 p—(5+iw)y
/ Wt _ e ' da;/ Y ' e dy
0 (1 —1)! 0 (j2 — 1!

Mjl /oo (M_iw)j1$j1—1e—(ﬂ—iw)z /oo W ]Qng lo—(6— iw)ydy
(,u_iw)ﬁ 0 (]1 —1)! 0 ]2_1)

g /Oo (n+iwprah ezl o / (6 + iw JZyJ2 Le—(0+iw)y
(1 +iw) J, (j1 — 1)! 5+W ) Go— 1)

p 572 1 i 592
(1 —iw)i (§ — iw)i2 + 2 (u +iw)i (6 + iw)I2

('b

c\\\

+

dy

S—
8

_|_

l\') — N~ N= o R N= o= N ) -

dy

Jl J2 1
0 ((u — iw)71 (0 — iw)J2 + (1 +iw)it (0 + iw)j2)
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Elsin (w(S}" + S*”))] = Elfsin (w(z +9))]

s (A.3)
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Incorporating (A.2) and (A.3) into (5.10) yields:
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Proof of Theorem 5 in Section 5.3.1.
Proof. Incorporating (A.2) and (A.3) into (5.11) yields:
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_ cos_(wt) Tk ( = iw)jl((; S VI ps iw)jl(5 + W‘)]

3 Lo . 1 1
T1-p g ;)(pué)y [Sm (wt) <(u —iw)I (0 — iw)! " (1 + iw)i (0 + iw)j>

— COoS (wt)% <(M — w)jl((; —iw)  (p+ z’w)jl(é + iw)j>]

o0

A 1 > pud jJ1) J
i+)\1€281n(0ﬂ5) |:Z<(ILL’LCU)( —zw +Z< M+W 6—|—Zu))> ]

3=0

_ ;\K% cos (wt) Lio (w — ifﬁg - iw))] B OOO ((u+ lﬁi@—i—iw))j]

J=
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B L /<c1S1n . (1 —iw)(d —iw) (1 +iw)(d + iw)
=T gt [(uiw)@iw) s T e w)( + w) pw]
B ;\ﬁi cos (wt) [ (p—iw)(d —iw)  (pt+iw)(d +iw) ]

2i (= iw)(0 —iw) —pud  (p+iw)(6 + iw) — pud

A (1 —1w)(d —iw) (1 + 1w) (0 + iw) 1
=1 +)\H\/(,u—iw)(5—iw) — o it i) + i) _pluécos(wt—kw—i-tcm (9))
where
(p—iw)(§—iw) (ptiw) (§+iw)
g ;. ) E-iw)—ppd  Griv)oti)—ps _ w0° +wh +w’ppd + p?6? — p?po® + ptu?
- (p—iw)(6—iw) (ptiw)(O+iw) pwpd(p + 9)

(n—iw)(6—iw)—ppd — (ptiw)(0+iw)—pud

Proof of Proposition 2 in Section 5.3.1.

Proof. The limits are obtained from Proposition 4 by straightforward calculations. Starting with

limits as a function of w:

Jmy a(f) = El[kil])\ + lim Awsin (1) [(u - Z'<JJ§((5<5_—ZZ))) —puo | (ut iwg((;;rifoz) —puJ
- %M c0s («?) [(u wg((i? )) pud  (p+ iwgf(;ig) — ppd }
= EEIM * ;Mffi“ sin (w?) [,us 5p/u5 Y —5p,u(5]
- ;imcos () [WS —(Spué o —(Spw}
— El[‘il? + %M lim sin (wt) [Mé(fé_p)] -0
= lim 1[51]A + E[S ]M(l)\_p)/ﬁsin (wt)

Jm Ra(t) = lim Ji[ﬁlr + %X”Sm (wt) [(u - iwgfa__% o (it in?ff% - pm]
~ g eon(e) [(n (e T T e ] _
= lim fi[‘i r + ~ A sin (wt) [0+ 0] — %M cos (wt) [0 — 0] = fi[fﬂ;

and

Yo A7 (1) = I ip # g i ) [m f“i;)ﬁ?_(i;ffiw (i i’@:ﬁ?ﬁ:)if)pm]

_ S\H% cos (wt) [(u EMic;)Z(;u)—(éic:)Z.L—U)zoucS (u iﬂi:)zgﬁi:)if)pw }

A 1< 2
= lim L + ~ Ak sin (wt) [(SM} -

w—01— 2 (1l —p)
. )\ A
= lim —— + K sin (wt)
w—01—p —p
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e A1 ()0 - iw) (1 + i) + iw)
B A0 = i 2 degsin ) | O )
ks [ Uit ]
2i (1 —iw)(0 —iw) —pud  (p+iw)(6 + iw) — pud

= lim A + )\Ii; sin (wt) [1 + 1] — X/@l, cos (wt) [1 — 1]

w—ool—p 21

= lim A + Ak sin (wt)

w—ool—p

The limits as a function of § are proven as follows:

. B[S 1o (0 — iw) (0 +iw)
%1_r>1(1)R1(t) S 1-p + %l—rf(l) 2)\nsm (i) [(M —iw)(0 —iw) —pud  (p+iw)(d + iw) — pud
1< (0 —iw) (0 + iw)
Zi)\H cos (wt) [(,u —iw)(0 —iw) —ppd  (p+iw)(d +iw) — pud
E[Si]A 1< . [ —iw iw ]
= + =Mk sin (wt . — + 8 .
1—p Teind )_w—w)(—zw) (i + ) (i)
1< —iw
B Z)\H cos (wt) [(,u —iw)(— zw) (1 + iw)(iw) ]
= Bl + lj\msin (wt) ] —)\ncos (wt) [ 1, S , ]
1—-p 2 | — tw ,u—i—zw p—ww  ptw
E[Si)A 1o . [ 2iw
R 0] [ e ] e cos (@) [m—wxuwﬂ
= El[*illj‘ + qu)_\f (wsin (wt) — w cos (wt))
The extreme values of R;(f) in this case are max;(Ri(t)) = El[%plﬂ + 7 ’z’i =. Thus, the relative
w2tw
amplitude is \/!ﬁ As § — oo we obtain:
) E[Si A .. 1o . (0 —iw) (0 + iw)
| = lim —
Pl () 1—p * 5mr00 2)\/‘i sin (w?) [(u —iw)(0 —iw) —pud  (p+iw)(d + iw) — ppd
1< (0 —iw) (0 +iw)
i eos () [m “w)(—w)—pid  (p i)+ iw) = piid
_ESA 1o 1 1
“-p ' g Arsin () [(1 — Py —iw " (1 —p)uﬂJ
1 1 1
T el [(1 —pu—iw (I—pu+ iW]
B[S\ 1 [ 2(1 —p)p }
= ——— + —Axsin (wt - -
1o T (- et )
1- 29w
— — Ak cos (wt . .
o ) (=]
. E[Sl]/_\ X/i .
=3, + (e ((1 = p)psin (wt) — w cos (wt))
The extreme values of Ry(t) in this case are max;(R;(t)) = E1[5;1]Z\ s . Thus, the relative
p (1-p)?p?+w?
amplitude is ——L——. O
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A.4 Comparison to Erlang-C: Proof

Proof of Theorem 6 in Section 5.3.2.

Proof. We need to prove that AmpRatio < 1. AmpRatio is given by:

AmpRati O 1w / L
mpRatio = , , . .
((p = iw)(0 — iw) — pud) (1 + iw) (8 +iw) — ppd)” /(1 — p)p)? + w?
Thus we need to prove that:
(0% +w?)((1 - p)°p® + w?)
[~ )6 — ) — pydll(p + @) (0 + i) — pud
82(1 — p)2u® + (1 — p)2u® + 6%w? + w* 2 )
(1 — iw) (0 — iw)(p + 1w) (0 4 iw) — pud[(p + iw) (0 4 iw) + (1 — iw)(6 — iw)] + p?u?6?
62(1 — p)?u? + w?(1 — p)?p? + §2w? + w?
(1 + w?) (6% + w?) — pud(2u0 — 2w?) + p?p2s2

?
<1

<1
321 — )2 + (1 — p)2p2 + 0%w? + W ; 1282 4 w20? + 20 + Wt 1 2pud(W? — pd) + pPule?
52(1 — )22 + w21 — p)2u? < p2? + p26%(1 — p)? + 2ppids?
wi(1 —p)2u? ; p2w? + 2pudw?

Which is true for every u,d, p, and w, since 0 < p < 1.

In the second part of the theorem, we need to prove that AmpRatio reaches its minimum when

w = y/0u(l —p). The derivative of AmpRatio by w is:

dAmpRatio _ 2pwi(26 + (2 — p)p) (W’ + (1 = p)ud) (w* — (1 — p)ud)
dw B (wh + (p — 1)262p2 + w?(62 + 2pdp + p2))?

This derivative equals zero when w = 0 or w = y/0u(1 — p). When w = 0 the AmpRatio reaches its

maximum which is 1, and when w = y/du(1 — p) it reaches its minimum value. O

A.5 Analysis of the Cases: Sinusoidal Arrival Rates and Deterministic Service

Times

We will now analyze Ri(t) (5.10), and A] (t) (5.11) for the case of deterministic service times. In

this case it is simpler to develop an expression for A{ (¢), and on its basis the expression of R (t).

Theorem 22. If S; are deterministic then,

b B pilwi—T)
+
Al (t) = = + Ak Re { ey }

L (oiw(t=5)=F) _ gilwt-3))
Re ! —w ‘ '
1-— pe*W(SlJrSz)
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Proof. We will begin with Af(¢). In the deterministic case the following holds: E[S;j | = 7S

Consequently,

)\ N > ; *17 *17 5\ 3 > N . .
)\T(t) = ﬂ"—)\ﬁ E pJE[Sln (u}(t—Slj +52j))] - m+)\’{/ E ijln (w(t_jsl +]SQ))
j=0 7=0

) - . T > e B
= H)HHJZ%P”COS (w(t—3(51+52))—g) = 1_p+M;)pvRe{e< (t—5(S1+52)) 2>}

by _ < o by _ , e
= = 4 MkRe p]ez(wt—5)6—2]w(51+52) = " 4 XkRe ez(“’t_i) p]e—ZJw(Sl—l—Sg)

by - ilwt—2)
=1 ’ + AkRe { 1 — pe—iw(S1+52) }
In order to find an expression for R;(t), we use the fact that when S; ~ D, S;. is Uniformly
distributed [0, D]. Therefore:
. (i@ (t=81,0)~F)
Ri(t) = E[S1]E[AT(t = S1.¢)] = 51 Req 1 pe—w(G115)
N elwlt-o)=3 A - Jir i@t =5) gy
1_p+)\f<a/0 Re{l_pe—iw(51+52) daclel_p+/\/<c Re | po-ioEir5)

1 (ei(w(tf&)f%) _ ei(wtfg))
Re —iWw

1— pe—iw(51+52)

J=0

+ Slj\I{E

1—p

:Sl

:Sl +5\H

1-p

O

The amplitude of )\f(t) is given by: 5\,{1 Wt F)

71)677:&)(514»5’2)

. The shape of this function with respect to
w(S1 + S2) is shown in Figure 91. Since the sine function is bounded between [—1, 1], the maximum
amplitude of A\ () will be achieved when wj(S1+S2) = 27 for all j, since j is an integer. This means
that w(S7+S2) = 27. In this case the returning streams from node 2 are fully synchronized with the
external input stream (A(t)), and the infinite sum will converge to ﬁ sinwt. Therefore, in this case
1

the relative amplitude (i.e. the relation between the amplitude of A (¢) to A(t)) is T

Figure 91. On the other end, the minimal amplitude of A (¢) will be achieved when w(S; + S3) = .

as seen in

In this case the returning streams from node 2 will be balancing the external input stream (A(t)),
and the relative amplitude will be ﬁ. Other interesting points are when w(S; + S2) = 7/2 and
w(S1 4+ S2) = 3/27. In these cases, the amplitude is ﬁ sinwt, i.e. the relative amplitude is ﬁ.
In general when 0 < w(S7 + S2) < 7 the amplitude is decreasing with respect to the sum S + Sa,
and when m < w(S1 + S2) < 27 the amplitude is increasing.

Note that due to the shape of the amplitude function, special care is required when optimizing

the system. If one seeks to shorten the length of stay of customers in the system, he can usually
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Figure 91: Plot of relative amplitude of A\{ (t) with respect to w
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Figure 92: Plot of relative phase of A{ (¢) with respect to w
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influence the Needy and Content times (S; and S respectively). However, if the system operates
in the decreasing region, shortening S; or Sz will increase the amplitude of )\f(t), and therefore
the amplitude of R;(t) will also increase. Staffing in a system in which the amplitude is large and
staffing demands are changing rapidly over time, is much more difficult to operate than a system
with a small amplitude in which the staffing is more stable over time. This is especially true in
small systems.

The phase shift of A\{(¢) is given by: Angle <

ei(wtfg)
1_pefiw(51+5’2)

). The shape of this function with
respect to w is shown in Figure 92. The phase of the aggregated arrivals is determined by a
combination of arrival rates of returning customers with different phases. We will analyze it (denote
as ts), with respect to w(S1 + S2). If the arrival streams are fully synchronized, i.e. w(S1 + S2) = 27

or w(S1 + Sy) = m, then t; = 0. The maximum phase shift depends on p, and its value is 0.7297.

A.6 Validation of MOL Staffing: More Examples in Case Study 2

Since the rounding has a very large impact in small systems, we also tried to round the staffing levels
in a different way: If s(t) is less than 1, round up to 1; if s(¢) is greater than 1, round down values
that are less than +0.2, otherwise round up. In this rounding procedure the actual 3 was closer to
the predefined one (when compared to the round up procedure), though the main difference was in
small values of 5. Figure 93 shows the performance measure P(W > 0) over time for various values
of 3. We see that the performance measure is relatively stable, and that the four scenarios are
separable. We can compare the two using the MSE (Mean Square Error) measure. Table 6 shows
the MSE rates for each 3, for the measures P(W > 0) and E[W]. While for the P(W > 0) measure

no significant difference is observed between the two, for E[W] simple roundup works much better.

Measure Beta | Round Special | RoundUP
PW >0)| 0.1 0.98 1.27
0.5 1.22 1.39
1 0.59 0.41
1.5 0.28 0.16
E[W] 0.1 13105.24 2899.99
0.5 754.05 100.70
1 45.69 13.63
1.5 9.52 4.29

Table 6: MSE measure for two rounding procedures
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Figure 93: Case study 2: Simulation results of P(W > 0) for various [ values in small systems
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B Approximating the Number of Needy Customers and Waiting
Times Using Fluid and Diffusion Limits

In this section, we develop Fluid and Diffusion limits for Erlang-R. We then use these approximations
to analyze mass-casualty events in which the arrival rate changes rapidly during a short time.
While it is clear that fluid approximations are very useful in analyzing time-varying systems, these
approximations are also useful in understanding the transient behavior of a system in steady-state.
For example, we might need to evaluate the probability that the number of customers (patients) in
the system will exceed a certain threshold during a certain time horizon. This is useful when setting
control rules for the EW, for example starting special procedures such as ambulance diversion and
calling for additional staffing. The answer to such questions requires diffusion approximations, such
as the ones we develop here.

The Erlang-R model is a state-dependent open queueing network. We follow the mathematical
framework of Mandelbaum et al. [53] on time-varying queues. This framework give us a general
solution, suitable for time-varying arrivals, and time-varying staffing policies. Note that with general
time-varying arrival rates (A(t), t > 0), the ODE system we develop here is unlikely to be tractable
analytically. Nevertheless, we can solve it numerically.

The Erlang-R model is, in fact, a 2-node state-dependent stochastic network denoted as (M, /M /SF)E
where SF € {1,2,...,00}, k€ 1,2 and K = 2. Let Q = {Q(t),t > 0} be a 2-dimensional stochastic
queueing process, where Q(t) = (Q1(t), Q2(t)): Q1(t) representing the number of Needy patients in
the system (i.e., those either waiting for service or being served), and Q2(t) the number of Content

patients in the system, at time ¢. The process Q(t) satisfies the following equations:
t t ¢
@)= Q)+ 41 ([ nuaw) a8 ([ (@it san) e ([ (0= pn@t) nss)au)
0 0 0
t
A 1) d
+ Ag1 (/0 Q2(u) U)
t t
Q2(t) = Q2(0) + A2 </ pi(Q1(u) A su) du) — Ao </ 5@2(“)(1“) )
0 0

where A{, A‘QZ7 A1 and Ay are four mutually independent, standard (mean rate 1), Poisson processes.
We now introduce a family of scaled queues, indexed by n > 0, so that both the arrival rate and

the number of nurses grow together to infinity, i.e. scaled up by 7, but leave the Needy and Content
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rates unscaled:

Q1(t) = Q1(0) + A} </0t77A du ) — Ag ( pu(Q"( )/\nsu)du)

)-
— Ap (/Ot( —p)p (Q (u) Ansu)dU) + Aoy </ 0Q3 (u dU)
= Q7(0) + A{ </0t nAudu> — A4 (/Ot npp (nQ?(u) A 3u> du>
~ Ay </0tn(1 — ) (717@717(11) A su> du) + Aoy (/Ot 0 (;QZW)) du> ,

QY1) = QY(0) + Ao ( /0 o1 (@) A ) du) . ( /0 t 5Qg<u>du>

= Q3(0) + A (/Ot npp (;Q?(U) A Su) dU> — Az (/Ot 1o (717@727(10) d“) :

Theorem 23. (FSLLN) Using the scaling of (B.1), we have

lim 7@"(15)

n—oo 1

(B.1)

=QO%) as.,

where Q(O)(t) is called the fluid approximation and is the solution of the following ODE:

A0 =00+ [ (- (@A) + 50870 d "

This is based on Theorem 2.2 in [53]. Equation (B.2) is equivalent to the following representation

0 (B.3)
19" (1) = —5Q () + pulse A QO (1))

{ Q1) =N+ 6Q0 (1) — (s A QO (1)

We continue by developing the diffusion limits of the Erlang-R model. These diffusion limits will
be used to develop variance and covariance phrases that enable us to develop statistical boundaries
for the number of patients in the system. The fluid and diffusion processes can be used in order to

analyze mass-casualty events as well as other time-varying scenarios, as demonstrated in Section 8.

Theorem 24. (FCLT) Using the scaling of (B.1), and the fluid limits (B.3) we have

[Q"@)

_ N 4 H@)
e <t>]—@ (t), (B.4)

lim /n

—00

where Q(l)(t) is called the diffusion approximation and is the solution of the following SDE (Stochas-
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tic Differential Equation):

(B.5)

where BY, Bg,Blg and Ba1 are four mutually independent, standard (mean is 0 and the variance at

time t is t) Brownian motions; x+ = max(z,0), and x~ = max(—z,0) = — min(z, 0).

This is based on Theorem 2.3 in [53].

The following theorem presents the mean vector and the covariance matrix for the diffusion limit.

Theorem 25. Using the scaling of (B.1), the mean vector for the diffusion limit (B.5) solves the
following DE:

d
7P 1QV0] =g, A B QO] - QU0+ [e 0],
d
P[00 =g B[RO =t B Q0] (B.6)
—5E[ gm}.
and the covariance matriz for the diffusion limit solves the following DE:
d
Vo [ 0] =20 Hao e} O 0@ 0] -2 o<} QP .o e]
+26Cov [ (1), @ ()] + 3+ 1 (@ (1) A1) + 508 (),
d
i 1] = g O [0 0]
g1y o0 05100 ] -2 o)
o (Q () A si) +008 (1),
d
70 @0, 0] = I{Qﬁo)msst}cov[ OO Y I{QSO)(tkst}COV[ 0.e 0]
(e8] om0 0010 ) g o [0, 00
gy Co [0, 000 5090 (@01 1).
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(B.7)

B.1 Essentially Negligible Critical Regime and Applications to the Analysis of
Mass-Casualty Events

The differential equations (B.6) - (B.7) are not easy to solve. Therefore, we will also assume that
the time the system spends in critically-loaded values is negligible. Formally, define S as the set
of times when the system is critically loaded, i.e., the times when the number of nurses equals the

number of customers in the Needy state:
S ={t>0/Q"(t) = s:}.

We assume that the set S has measure zero, which practically means that the process le)(t) passes
through the state with equal numbers of nurses and patients in Needy state very quickly. This
assumption is reasonable, as for a normally distributed process the measure of a single point is zero.

In this case:

(D \+ (D~ _ (1)
KL 0 w<o @107 = B G042, 107 = 1l g0 1 Q1 (W)

Proposition 4. Assume that the set of time points S has measure zero. Then (B.5) becomes:

QO
—_
=
—
—~
~
~—
I

t t
le)(o) —i—/o <_ILL1{Q§0)(U)SS“}Q§1)(U) + 5@51)@)) du + B (/0 /\udu)

_ pd (/Otpu< go)(u)Asu)du>—Bu (/Ot(l—p),u< §0)(u)Asu)du)

+ B ( / QL (u)du) , (B.9)

t
Q5 (1) = Q4 (0) + /0 (pul e} A W) - 5Q§”<u>) du

+ By < /O t oy (Q§°) (u) A su) du) — By < /U t 5Q\ (u)du> :

The mean vector for the diffusion approzimation (B.6) is then:
d (1) _ (1) (1)
7P Q0] = =10 e,y QPO +om [ 0]

%E [le)(t)} - p’ul{ng)(t)gst}E [le)(t)} —0E [le)(t)] ,
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and the variance matriz (B.7) is:

d

%Var { gl)(t)} = —QMI{ng)(t)SSt}Var { gl)(t)} + 26Cov [ gl)(t), él)(t)}
0 (QV (1) nsi) + 3087 o),

var [Q1()] = —20Var [ ()] + 2puCov [Q1V (1), 01 (1)
+ o (1) A st ) + 00 (),

G0 [0 Q8°0] = = (1 +8) Cov [Q10.08"(0)] + oven 040

(B.9)

+PM1{Q50>(t)§St}Var {le)(t)} —pu < 50) () A St) _ 5@9 (0).

B.1.1 A Numerical Example

We preformed a simulation of mass-casualty events. When such an event is in progress, the EW
must, over a short time period, take care of the regular patients, release the ones who can be released,
and give emergency care to the new patients. We can examine the effect of such an event on the
EW, and the time it takes to overcome such an emergency situation, using the models developed in
the previous section.

We demonstrate a simulation vs. fluid and diffusion approximation. We calculate upper and
lower envelopes using the following expression: QEO) (t) £ 4/ Var [le)(t)}, for i = 1,2, where QEO) (t)
is the numerical solution of the ODE (B.2), and Var [QEI)(t)} is the numerical solution of the ODE
(B.9).

In this example, we set the parameters as follows:

50 if9<t<11,

10 otherwise,

6=0.2, p=1, p=0.25, and s; = 50.

The left diagram of Figure 94 shows the number of customers in the system over time. It shows
the fluid solution and the simulation results. 1 is the number of Needy customers, and Q2 is the
number of content customers. The right diagram of Figure 94 shows the changes in the average
number of Needy customers (ng)) and upper and lower envelops of this process. We see that both
fluid and diffusion approximations are remarkably accurate in this case. This is a case of essentially
negligible critical regime, in which the strong approximations work well. This event illustrates a
situation in which, during a very short period of two hours (9-11), the arrival rate is multiplied

fivefold. As a consequence, the number of patients in the medical unit is also multiplied by five,
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although the peak of the load is reached only towards the end of the peak period at 11. From that
point, the number of patients gradually decreases to normal levels. It takes several more hours for
the system to stabilize again.

60
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- " . 7\ — Q1 (Fluid) L
50 Q1 (Fluid) - ! —— Upper Envelope Q1 (Theoretical)
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Time [Hour] Time [Hour]

Figure 94: Numerical example 1: Mass arrival at interval (9,11)

B.2 The Virtual Waiting Time Process

In this section we develop an approximation to the process of virtual waiting time. The virtual
waiting time is the in-queue waiting time for a hypothetical patient, who just became Needy. We

rely on 24, 23 and the corollary of Puhalskii [65] to prove the following:

Theorem 26. Using the scaling of (B.1), the virtual waiting time process is given by:

() "
d | Q17(0) +Va(t) — Ui(Z(t))

VWD) &
! n (QU(Z(0) A5z

B.2.1 Numerical Examples

In order to examine our approximation for the process W (t), the virtual waiting time, we used the
following examples, taken from Mandelbaum et al. [55]. These use a periodic arrival rate with two

values: low and hight. The first example data is:

20 if t € {[0,4),[6,9),[11,14), [16,24]},

100 otherwise,

At =

6=02, pu=1, p=0.25, and s; = 70.
Figure 95 shows changes in the number of customers in each node. It compares the simulation

results compared to the fluid and diffusion approximation. As before, we see remarkable matching
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between the two. Figure 96 shows the changes in E[W] over time. Again, we compare fluid ap-

proximations to the simulated approximations. We observe that there is a good match between the

two. Differences are observed in underloaded times, when the fluid approximates no waiting while

simulation observe positive waiting.
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120 A
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80
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40

20

0

—Q1 (Simulation) wod] T (Fluid)

—— Upper Envelope Q1 (Theoretical)
—— Lower Envelope Q1 (Theoretical)
—— Upper Envelope Q1 (Si

—— Q1 (Fluid)

—Q2 (Simulation) 140 H

— Q2 (Fluid) —— Lower Envelope Q1 (Simulation)

120

: ANEE/\
ANE/A\N/\\

Customers

/AN/ANN/A\

/A\N/AR\\/AR\
R\ AN SN

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Time [Hour]

19 20 21 22 23
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Time [Hour]

Figure 95: Numerical example 3: Fluid approximation vs. simulation results of Q(t)

70 -

60 -

50 -

E[Wait]

30

20 -

10 4

0 T

—— Simulation
—Fluid

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

Time [Hour]

Figure 96: Numerical example 3: Fluid approximation vs. simulation results of E[W(t)]

The second example data is:

40
80 otherwise,
6 =02, u=1, p =025 and s; =

number of customers in each node. It

if t € {[0,4),[6,9),[11,14), [16,24]},

70. The left diagram of Figure 97 shows changes in the

compares the simulation results to the fluid and diffusion
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approximation. We see that in this example Q2(t) simulation matches the fluid, but Q;(¢) has lower
match. The right diagram of Figure 97 shows the changes in E[W] over time. Again, we compare
fluid approximations to the simulated ones. We observe that there is a difference between the two,
although the shape of the two is similar.

50 4
140

45 -

—Q1 (Simulation)
120 - 20

—— Q1 (Fluid) 1
/\ —Q2 (Simulation)
35 |
100 A\ —Q2 (Fluid) [

30

80
254

E[Wai]

60 20 ——Fluid

Customers

15 4
40

10 4

20
5

0 0
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23

Time [Hour]

Time [Hour]

Q(?) EW(#)]

Figure 97: Numerical example 4: Fluid approximation vs. simulation results

B.3 Fluid and Diffusion Limits for the Number of Needy Customers: Proof

Proof of Theorem 25 in Section B.

Proof. The mean vector is based on Theorem 2.4 in [53]. We now prove (B.7). The variance and

covariance processes are given by:

var [00(0] =B @] - (B[ 0)])’

var [@0()] = B[@ ()] - (B[e0)])",

cov[@1V (1), @] =E [V 0ol (1] - E [P @] E [ ®)].
We must determine the derivative of the expressions %E [X:Y;] and %E [X¢] E[Yi], where (X}) teR}
and (Y})teRg are time-dependent stochastic processes. By the chain rule:

d d d
a (EX]EY]) = il [Xi]-E[Yy] + E[Xq] - prid Y]

and by the chain rule of stochastic calculus (Ito formula):

d(BE[X,Yi]) = E[dX; - Y] + E[X; - dY}] + E[dX; - dYy].
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Note that by the assumption of Brownian Motion (BM): dB;(t)dB;(t) = 6;;(t)dt, dt - dt =
dt-dB(t) = dB(t) - dt = 0, where B;(t) and B;(t) are mutually independent standard BMs and d;;

denote the Kronecker-Delta, i.e.

1 ifi=y,
5ij =
0 otherwise.

We now show the values of 4E [(le)(t))ﬂ , 4B [( él)(t))ﬂ and 4B [le)(t)Qél)(t)}.
Using (B.5) we obtain:

1010 = (110920 @O =il g Q) +008(0))

+V/NdBE(E) — 4| pu (Q@ (t) A st>dB§l (t) — \/ (1-p)u (ng) (t) A st)dBlz (1)

+1/6QY (1)dBay (1)

1057(0) = (g0 QO = it g1 @10 = 607(0))
0= (@) ) (1)~ Vo (B (1)

(@) =2-d0 ) - QP (1) + Q" (1) - @ ()

= 2@%1)(75) (Ml{ng)(t)qt}le)(t)_ - Ml{Q§0>(t)<st}le)(t>+ + (5@51)(75)) dt

#2000V AB0) - 20 (0 s (Q70) 728

- 2@%”<t>¢ (1= ) (@) A s ) Bz (1) + 28" (1/5Q8 (1)dBan (1)
+ Mt + pp (QV () A 3t> dt + (1 —p)u (ng) (t) A st> dt + QY (t)dt,

1(@80)" =200 (1 g, @O =t 1 @0 — 080 )
+ 2@@1)@)\/ i (ng () A st> dBis (t) — 2Q§1)(t)mngl (t)

+pp (ng) (t) A st> dt + Q0 (t)at,
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(@R 1) = da" (1) - @57 () + Q" (1) - Q1 (1) + a{V ) - 4 (1)
= le)(t) <’U1{Q(O)(t)§st}Q§1)(t) - ,ul{Q(O)(tht}le)(tﬁ + 5Q§1)(t)> dt
+ QP OVRaBE(@) ~ QP 0) o (@170 A )8 0

— o) \/ (1= p)p (Q(0) A st )dBra (8) + Q" (1)1/0Q8" (DB (¢)

+Q1" () (pul (00 0<a) O =Pl QO - 6@§”<t>> dt

+ Q) ¢ (1= )i (Q7 (1) A si)dBiz (1) - QY (11605 (1)dBa (1)
o (Q () A s ) dt — 58 (8.
Taking the expectation of these causes all the terms containing the BM to disappear, thus:
d 2] [
—E (Q&”(t)) | =28 |’ (ul (o0 QO = Lo QO+ 605 >)]
0+ (@70 A si) + (1= (QV(0) Ase) + 3087 ()
d 2] i
GE(@00)"] =220 (51, @O =01 Q0 ~0650))|
+pu ( © ) A st) +6Q"(t)
2 B[Q0.0 0] = B0 (1041 @O — iy, @00 + 5040
’ (e s} 1 {e®<s} 1 2
+E [Q?)(t) (pm (<) AT =P 1 QO 5Q§”<t>ﬂ
— o (@7 (1) A si) = 5087 ()

Ve[ 0)] = G| (@0)] - 22 @ 0] GE [ew)

=28 Q0 (10, A0~ i1 g0 @O + 500 |

0+ (Q ) Ase) + (1= (Q0) A si) +5057()

=28 [Q00)] (110 0 B [A707] = g0y B [000] 2 [0 0] ).
Vo [0800] =26 Q@) (it g @07 = it g 10— 5080
+ o1 (QV ) A st) + 3087 ()

=28 [Q80)] (1o B[] =it o B[00 ] 08 010 )
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d

Goov [@0.0 0] = ZE [P wae 0] - 2o 0] - B[e 0] - Blel0)] - SE[0)

dt
=E {le)(t) <“1{Q§°>(t)<st}Q§1)(t)_ - Ml{QEO)(t)qt}le)(t)JF + 5@51)(75))}

dt

+
=
—
==
=
S~—
N
=
=
—_
——
L

e QO =101 o1V = 0080 |

— o (7 (1) A st) =087 1)

=B [Q0] {1100 B[00 ]~ st gy E [0 o [0 ]|
B[] [pul{Qg@(t)qt}E QO] =m0y B QO] -0 [Qél)(t)H .

Rearranging some of the terms yields expression (B.7).

B.4 The Virtual Waiting Time Process: Proofs

Proof of Theorem 26 in Section B.2.

Proof. Introduce the processes A] and D] which represent the arrival and departure processes of

station @ € {1, 2}, respectively.

AT(E) = A2 < /0 t mm) + Agy < /O t 5Qg(u)du> ,

AY() = Apy ( / Q) A s du) ,
t ¢ (B.10)
DI(t) = A ( [ @i Ansumu) A ( [ =i Ansumu) ,

t

Dg(t) = Aoy </0 5Qg(u)du> .
Naturally, this is based on the following relation:

Q"(t) =Q"0)+ A"(t) — D"(t), t > 0.
Let Z"(t) be the process:

2(t) = inf{u > 0 DY(u) > Q(0) + AI(t) — (s, — 1)}.
and let W7 (t) be the virtual waiting time at ¢, i.e., W (t) = [Z"(t) — t]T. Let for t > 0,

1 1 ,
X(t)y==-D], Y'(t)=-A], i=1,2.
n n

Consequently,

2(t) = inf{u > 0: X{(w) 2 Y/(0) = - (nse = 1) + 1 QY(O)}.

n
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Since (B.4) holds in fact the following holds

( Y (@n@) _ O @) i (X0 - xO@) . v (v - v© <t>)) L (@U@, U, V)

where
Q1) = QU(0) + YV (1) - XO),

X000 = [ (@) 4 s) du

t
xO) = [ 6QP (u)du,

As a consequence,
QW) = QW) + V() - U®), t>0.
Defining a first passage time:
Z(t) = inf{u > 0: XV w) > V1) — s, + QV(0)}

then by the corollary of Puhalskii [65] we obtain:

(vi(L¥ -avm). vtz - zm)) “ (V. 200)

where:

0+ Valr) ~ Ui(Z(1) _ @47(0) + Valt) — Un(Z(1)
X1(2()) i (QV(Z(1) A sz)
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and by continuance mapping:

VW) = a([27(t) — 1)) S

O

Note that when we use MOL staffing, the fluid solution is the same as that of the Infinite Server
system. In such a system, Z(t) = ¢ for all ¢. In this case, approximating E[W] by the fluid solution
will be wrong, since W (©) (t) = 0, while in reality it is not. That is because under the QED regime,
average waiting is on the order of ﬂs), and thus not captured by the fluid processes. However, the
diffusion process is very interesting in this case.

o |
u(QV ) 1)

W(t)) S

Note that we also need to adjust Q(t) to the QED environment. This will be done in future

research.
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C Appendices of Part II

C.1 Steady State Calculations of MU Model

We will rewrite Expression 11.1 of 7y . Let [ be the number of occupied beds (with patients or in
cleaning) and m be the number of patients, where i of them are in the needy state (0 < i < m <
[ <n). Thus,l =i+ j+k and m =i+ j. Then: ' '
1 n ) m 1 A\ 3 1 A m—i 1 l—m
T, = Yo > m=0 > im0 v(@) \T=pu) m—! \-p)s5)  T—m)!
1 A -
= ZIS:O Zsz Z;ZO%' <(1—p)p,) ) ! (
n s m 1 by i PA m—i 1
+ Yitst meo  2itod O-pn) -1 \T-p) T=m)!
! : '
+ Zm:8+1 (Zf_o %

= le:o Zin:O Z?lo% ((1 p),u,)' (mlfi)' <(18 )5>m: (lflm)! (i)z_
DY (an:o ZZ(ﬁ ((1—)\1))#)' (ml—i)! ((1%)5) p (l—lm)! <$>z
© T b () w ()" e ()
+ ) D <Z:olv <1fpm>l(ml—)‘ (1%6)7” = (3) -
b S () wi () e (3)7))
) i (02) " ()

= T Tho Tk (Ew) v ( |

+ Y list (Z'lm:O Zﬁo%(uﬁ\p) )l(mii)!<(1£}\7)5)m_l (lflm)!
1 7 —1
il

l 1
= Z?:o Zm:O Z;io il

( T = ( T
+ i Theo  Tioh () v (1) = ()
+ Yiten Zlm:s—i-l Zﬁsﬂ (S!SLS - %) ((1:\p)u)Z (mlf ! ((13/;\7)6>m_ lflm)' (%)l_m
= Z?:o anzo Zyio% <(1}p)u Z (mlfi)! <(1€;)é>m (lflm)! <% o
b T T T = -0 (20) ot (09) " a (2)
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By using the multinomial theorem for the first sum yields:

n

) 1 ( A PA A)l
T = - + + -
’ ZZ; N\A=pp (A-p3d v

DD <s's”‘ ><m—i>3<1—m>!(<1jp>u>i'

l=s+1m=s+1i=s+1

C.2 Four Auxiliary Lemmas

In this section we will prove four lemmas that will help us in the proofs of our approximations.

C.2.1 Proof of Lemma 1

Lemma 1. Let the variables \, s and n tend to oo simultaneously and satisfy the QED conditions.

Define (1 as the expression

By 1 " —
G = BN 7 D 5 (Bp+ Re)l e (othel,
’ 1=0
Then
. _ ¢(B)2(n)
)\h—{go G = g

Proof. By using Stirling’s formula (s! ~ v/2ms (i)s), and assumption QED (ii), one obtains for (i:

s

R (R N WA W G ONP A D (T MY
N ((l—p)su) B 2 I (( p)5+v>e o

S—

=0
= snostly A\ pA_ LA
() E )
=0

es(1— p) PX, < )
y<n—s—1
\/ 27rﬁ
where p = —2— and X, is a random variable with the Poisson distribution with parameter
(1-p)sp

Rp + Rc (where Rp = (1 p)(;, Re = ) When A — oo, Rp + Rc — o0 too, since p,d, and v are

fixed. Note that

X\— Rp — —s—1—Rp-—
P(X,\gn—s—l):P< »—fip—fe _n=s o RC)

VRp+Rc — VRp+ Rc
Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have
Xy—Rp — Rc)
= N(0,1
( VERp + Rc ©.1)
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and due to assumption QED (i) of the lemma we get °
P(Xy<n—-s—1)— P(N(0,1) <n) =®(n), as\ — oo (C.1)

where N(0,1) is a standard normal random variable with distribution function ®(-). It follows thus
that
es(l_p) 65(1_P+1HP)

G~ WPS@(H) = W‘I’(ﬁ)-

Making use of the expansion

np=In(l-(1-p)=-1-p)-——

one obtains

_ <1—2p)2) s(1-p)2

(& 2

- V2rB

by assumption QED (ii) s(1 — p)? — 3%, when A — oo. This implies

i ¢, = 2D0)

A—00 ﬁ

®(n)

where ¢(+) is the standard normal density function, and ®(-) is the standard normal distribution

function. This proves Lemma 1. O

C.2.2 Proof of Lemma 2

Lemma 2. Let the variables \, s and n tend to oo simultaneously and satisfy the QED conditions.

Define (5 as the expression

e‘(RN-FRD-‘rRC) pn—s n—s—1 1 /Rp Re l
= s — | — . C.2
& - <RN>1_pl§“(p+p) (€2)
Then
2 2
lim G = 9( nﬂ+6 )eén%(b(m)

SHere we use the following theorem (from [7]):

Theorem 27. Let ¢, = < and F¢ - the distribution function of ¢ is everywhere continuous. Let also

Tn — Too aSN — 00, where {xy} is a sequence of scalars. Here zos € [—00,00]. Then Fy, (2n) — Fe(Tso).
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Proof. Again according to Stirling’s formula, and assumption QED (ii), one obtains for (»:

A l
2)
P

l
_(_px __
> e ((1,,,)@"‘

PA

; e (e Tl e Tk ( A )S s "il 1 < A
2~ |
2ms (I=p)sp) 1—p = I \(1-p)ip

A2 L, nosl
e P Wﬁﬂg(l%)ép*v%pzl( PA A
(

— _|_ _

2ms — N\1=p)p ~p
A1 +2) ()

= PP(Yy<n—s—1)

where p = m,

(where Rp = ﬁ, Rc = %) Note that

Y, — fptRe g1 BEptRc

P - p
Rp+Rc Rp+Rc
V. » V™ »

Now we need to find the limit for the following fraction

PYaA<n—-s—1)=P

n—s

/| Rp+Rc
0

as A — oo using assumption QED (i).

_ Rp+Rc
P

n_s_w

nvRp +Rc + Rp + Ro — Rp+Re
lim = lim L

A—00 RD+RC A—00 RD+RC
V P V P

= lim e W@ D, Jim. \/ sppy +5(71 —p)d)
. \/u(pwré(i —p)é)ﬁ'
Denote
m :n_ﬁ\/u(pwra(vl —p)d)

and Y), is a random variable with the Poisson distribution with parameter

(1—=p)

Rp+Rc
p

Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have

Yy — Rp—R¢
£ = N(0,1)

Rp+Rco
\/ )

and

P(Yy<n—s—1) = P(N(0,1) <m) = &(ny), as A — oo
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where N(0,1) is a standard normal random variable with distribution function ®. It follows thus

that

(et () e {as) () s

Making use of the expansion

G~

np=In(l-(1-p)=—-(1-p) - +o(l—=p)% (p—1)

and using our assumptions that as A — oco: p — 1, s = (1—)\p),u, +4 (1—)\p)/.1’ and n—s ~ nvRp + Ro+

Rp + R¢, one obtains

< (1=p)op p
2
< (WRp+ Fo+ Rp+ Ro - T2 R) gy 2020

_ <RD+RC_"> (1—p)?> —=nVRp+ Rc(1l—p)

P 2
RD+RC n\/RD+RC+RD+RC+ ‘|‘ﬂ H 2

~ P 5 (1=p)*=nVRp+ Rc(1—p)
_ (Rothe fot e oy (1= p— 28,/ —2 (11— p)?

p 2 2V (A-pu

nvRp + Rc
—+(1—p)2—n Rp + Ro(1 - p)
A

_(Rpo+Re  FotRet gy FPl=pu_lg | r Fl-pu

p 2 A 20\ (L=pp A

2(1 —
n@ﬁ A=pr_ /7RD+R05\/7

3 {pu )(62( p)) — 1 p)5+,1yﬁ (1—p)n

P
() o) e
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= 0P+ )+ ( (nﬁ
(et ﬁ)

— Lo (nﬁ

T

2

\/—> = S0P+ )+ ot

Therefore,

es(l—p)-i-((lp;‘))é-l-i)(l;p)—knlnp(p 6—%(712‘*‘52)‘*'%77%(1)
(771) ~ Tﬁ (771)

lim (o =~

et Nord

_ OV E B iy,

This proves Lemma, 2. ]

C.2.3 Proof of Lemma 3

Lemma 3. Let the variables A\, s and n tend to co simultaneously and satisfy the QED or QE Dy

conditions. Define & as the expression

1 : , -
&= Z iljlk! (Rn)" (Rp)’ (Rc)k e~ (Bn+ERp+Rc).
ivj,k‘igs,
i+j+k<n—1

Then

. _ B _ oy
&= /_oo ® <77 +8 t)\/u(m +(1 —p)5)> a2 ()

Proof. We will find the asymptotic behavior of £ by finding its lower and upper bounds. Let us

consider a partition {s;,}}_, of the interval [0, s].
sph=s8—hr, h=0,1,...0; sp411=0

where 7 = [e ﬁ , € is an arbitrary non-negative real and ¢ is a positive integer.
If X and s tend to infinity and satisfy the QED assumption (13.2) part (ii), then £ < 2 for X
big enough and all the s; belong to [0,s]; h = 0,1,...,¢. Emphasize that the length 7 of every

interval [s,_1,sp] depends on A. The variable £ is given by the formula (14.3). Let us consider a
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lower estimate for £ given by the following sum:
L1 A\ L
E>6 = — <> e (d-pu.
=2 2 i\ (1 =p)u

hzoi:8h+1
n—sp—1 7 n—sp—j—1 k
> al@hs) ™ X oal5)
: J'\ (1 —p)d k! \ v
7=0 k=0 (C 4)

L A) .
-2 % (q2) e em < n-n -y

h=0i=sp,4+1 dN(A=pp

/
= P(spt1 <Xy <sp)P(Ypo<n—s,—1)

h=0

where X, and Y,, are independent Poisson random variables with parameters a _>‘p) and (1 p) 5 —|—

respectively.

If A — oo then ﬁ — 00, since p and u are fixed. Note that

Shag — 2 X A A
+ (I-p)u n (d-pp (I-pp
/Y - [ /

(1-p)p (1=p)p (I-pp p)u

Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have

P(spi1 < Xp <sp)=P

X, — ~—2—
# = N(0,1).
(1-p)u
Since
A _ . S W
lim Sh— T—pu ~ i $ = he\/ T — T

A—00 A A—00 A
(1-p)p \V (—p)u
— lim (l—p)u -8 (A—p)u p)u he\/ (A—p)u p)u (A—p)u p)u _

(lfp)u

B — he

we obtain:

P(spi1 < Xn < 51) = (8 —he) —®(B— (h+1)e), h=0,...0—1

(C.5)
PO <X, <sp) =D(8— le).

Similarly, if A — oo then ﬁ + % — 00, since p,0 and -y are fixed. Note that

non— (s +5)

pA A PA A
(1-p)é + v V (1-p)é + v
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Thus, when A — oo, by the Central Limit Theorem (Normal approximation to Poisson) we have

(11’)5 )

= N(0,1).
(1 p)5 + ¥
Since
e — PA A _ s
lim = Sh ((1,1,)5 + v) ~ lim n—s—he (I=p)n <(1 = )
A—00 PA A A—00 DA A
V T3 T 5 T3 T 5
pA A f2 A A A A
BNV G DL A B A ((1—:»)6 + 7)
- )\1—>Holo pA by
a3 T 5

( 1) )

1—p)p Y
= —he—XP o he ,

i —_ p(py + (1 = p)d)
we obtain:
0y
PY,<n—sp,)=o|n— he , h=0,.,¢ C.6
( ) < \/u(m+(1—p)5)> (©6)
It follows from (C.4), (C.5), and (C.6) that

. oy
Jim_ €>Z (B —he) —®(B — (h + 1)) (n—he\/u( p)5)>

oy
+ ®(8 — le)P <17 EE\/M(P’Y a —p)é)) (C.7)

which is the lower Riemann-Stieltjes sum of the integral

0o 5
e (””\/mpw(l—p)a))dq’(ﬁ_”

:/ﬁ o(n+(5-1) il dd(t) (C.8)
oo u(py + (1 = p)d) '

corresponding to the partition {3 — he}izo of the semi axis (—o0, ).

Similarly, let us take the upper estimate for ¢ as the following sum:

L A P
o= 3 St

h:0i18h+1
n—sh+1—l i n_5h+1_j_1 k

> ol ™ X w(3) 7

—  j1\(1—p)s kA

7=0 k=0 (C.9)
V4 Sh 1 A 7 N

Y -;< 1 > T P(Yy < 10— spiy — 1)

h=0imsni1 (1 —p)u

L

= P(spp1 < Xp <5p)P(Yy, <n—sp41 — 1)
h=0
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where X,, and Y,, are the same random variable as before. Using the same calculation that were

computed for the upper boundary we obtain

. 57
am &< Z (6 —he) = 2(B = (h+1)e)) @ (77 — 1)6\/u(m +(1 —p)5)>

+ O(8 — le)

(C.10)

which is the upper Riemann-Stieltjes sum for the integral (C.8). When € — 0 the boundaries (C.7)
and (C.10) lead to the following equality

. B g _ oy
8= /_oo ® (77 + t)\/u(m +(1 —p)5)> 92()

This proves Lemma 3. ]

C.2.4 Proof of Lemma 4

Lemma 4. Let the variables A\, s and n tend to co simultaneously and satisfy the QE Dy conditions.
Define ( as the expression

n—s—1n—s—k—1 n—s—j—k—1

1 i
¢ = e~ BN+RD+Re) — R Z Z WRDJRC Z o (C.11)

=0

Then

lim ¢ = ¢ M S (r() + 0.

Proof. First, we will rewrite Equation (C.11):

n—s—1n—s—k—1 n—s—j—k—1
C:ef(RN‘FRD‘FRC R s Z Z T{:'RD]RCIC Z pi
—(RN+Rp+Rc) RSN kl—lp—:‘sjk
—e RN Z Z ‘—k'RD e

When § = 0 by assumption QEDy (ii) p = 1 therefore,

n—s—j—k—1

E pPl=n—s—j—k.

=0

n—s—j—k

When 3 — 0, p — 1 but still p # 1, the expression 1[)17,; can be approximated by
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thus
n—s—j—k—1
. Z_ _ s
lim Y p=n-s—j-Fk

1=0

which is the same phrase as when p = 1. Thus

n—s—1n—s—k—1
gze—<RN+RD+RC R s Z Z ‘—k'RDJRC (n—s—j—k)
n—s—1n—s—k—1

i’
7!
k=0 j=0 k=0 =0
1 n—s—1 1
e_(RN+RD+RC)*RNS n _ S - RC + RD
s! — l'
n—s—2 1 n—s—k—2 1 n—s—2 1 n—s—k—2 1
k j k j
~Re ), R’ Y SR -Rp 3 GRSt ) RD
k=0 Jj=0 k=0 j=0
1 n—s—1 1
— 6_(RN+RD+RC’)§RN5 <(n —5) ﬁ(RC + Rp)'—
’ 1=0
n—s—2 n—s—2 1
— R¢o Z ﬁ(Rc—FRD)Z—RD ﬁ(RC“‘RD)
=0 =0
n—s—1
— 1 1 (R + R )n—s
_ (RN+RD+R0)7 S e . - 1 C D
e S!R <(n s—Rc — Rp) ZZ; I (Rc + Rp)" + s )
1 n—s—1 1
~ ,S—Rxn S e _ - ! (RD+Rc)
e n—s—R R Rc+ R
L (Ro+ Rp)" e~ (Bpthc)
(n—s—1)!
n—s—1
1 1 N (Rc 4 Rp)"se~(BntEc)
n—s—Ro—R —~(R¢ + Rp)le~Fthe) 4
V21s <( ¢ = Bp) ZZ; nee D) (n—s—1)!
As seen in Equation (C.1)

n—s—1
1

(n—s—Rc—Rp) Y i (Rc + Rp)le Brthe) iy /Re + Rp®(n). (C.12)

=0
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By using Stirling’s formula:

(Rc + Rp)*se~BptEa)  (n — s)(Rec + Rp)" e~ (Fpt+hc)

(n_S_].) - (n_S)'
R R
 (n = s)en e inte) <RC + RD>”—S (= s Ro RO+ n (£SETD)
2r(n —s) n—s 2w(n — s)

_  [n o8 s (1-FBEEC n (FCER))
2m

By assuming QEDy (i) when A — oo

(n—s) (1—W+1H<M>>

n—s n—s

B Rp+ Re Rc+Rp\ 1 Rc+ Rp\?
=n-s)|l-————(1-—F) - (1—-———
n—s n—s 2 n—s

) ) (C.13)
_ n-=s 1_RC+RD __l(n—s—Rc—RD)
N 2 n—3s 2 n—3:s
1 (nv/Ro + Bp)” 1 (nv/Rc + Rp)” s
2nvRc+ Rp+ Rc+ Rp 2nvRc+ Rp+ Rc+ Rp 2
Therefore, by assumption QE Dy (i)
n — se(n_s)< RLZH;C“ (chtljp)) _ \/TIN/RC + Rp + Ro + RDefé
27 - 27
—\/n\/Rc+RD+Rc+RD¢ ~+\/Rc+ Rpo(n
Combining the above approximations and the assumption that § = 0 and therefore s = Ry = m
yields
n—s—1
1 1 (Rc + Rp)" e~ (Bptlic)
~ —~s—Rc—R ~(Rc + Rp)le(Bpthc)
¢ 5 ((n s — Rc — Rp) g (fe+ p) - CEr—
1
A Rc + Rp®(n) + VRc + R
Tors ( o+ Rp VvV ERc + Rpo(n )
Rc+ Rp vVRc + Rp
= ———— () + ¢(n)) = —=== 1®(n) + ¢(n))
21s V2T RN
Rc+RD 1 (1— P pp 1
= (n®(n) + ¢(n)) = + 5 = (1®(0) + 6(n)).
Vo 5 Var
This proves Lemma 4. O
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C.3 Proof of Approximation of the Expected Waiting Time

In this appendix we will prove the approximation for the expected waiting time, stated in Section

14.2. The accurate measure was defined in Section 12.2, by Formula (12.5).

Theorem 10. Let the variables N\, s and n tend to oo simultaneously and satisfy the QED

conditions. Then

2 2 _ —
oD 1 AT iy, <u<m+§ pig_y, [EA I é)

2 2
u(fﬁoo@(nﬂﬁ—t) P )d¢<t>+¢<ﬁ>§<m—¢<V"ﬁ+5)e%"?<b<m>>

)\lim VSE[W] =

u(py+(1-p)9)

p(py+(1-p)d)

where n =n— 0 5y

Proof. Tt follows from (12.5) that the expectation of the waiting time is given by

where D is given by

1 1 B
D=—PW>0)=———
LS (W>0) us A+ B

(A and B where defined in Equation (14.1) and (14.2) respectively) and C is given by,

l m

! ZZZWR 1(i,m—i,l—m)(i —s)

lsmszs

l m

771-02228'8’ s )1(l— m)! (RD)m l(RC')l m(l_s)

[=s Mm=s 1=s

1
- us A+ B’
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We will rewrite G in the following way:

n—-1 I m
G=3" 303 s () (m— z’)!l(z oyt (B0)" T (Re) T (i =)
l=5s m=s i=s
n—s—1n—s—k—1n—j—k—1 1 1 '
=2 2 o (BN)' = (Bo)! (Fe)* (i = 5)

- >y L me j,lk, (Rp) (Re)*

slst
k=0 j=0 i=0
R )5 n—s—1ln—s—k—1 1 n—s—j—k—1
N j k
_ B S Lot Y i)
) k=0 j=0 J i=0

Using the formula
M Mo '
Sit=o(> ) = 1=pM\ (=M +1)pM") (A =p) = (=MD (1)
p=p o) =\, ) = L =
1=0 1=0 (C.15)
pMH1L M1

P
( p=1  (1-p)? p—1 (1-p)

one can rewrite G as a sum: G = G1 + Go; where

M+l M

|
»
|
_
3
|
»
|
=
|
—

RN sn 1 . . pn—S—j—k
Gl:(S!) : . M(RD)](RC)k<(n—S—j—k—1)p_l
=0 j=
and
n—s—1n—s—k—1 ‘
(RN)S e (11— n—s—j—k—1
Go=— > ] (Rp)’ (R¢) =
Therefore,
n—s—1n—s—k—1
(RN)S 1 . pn—s—j—k
Gl: s! Z 1%! (RD)] (RC)k (n—S—j—k—l) —
n—s—1n—s—k—1
(RN)S 1 . i pnfsf]fk:
b~ jz_:o i () (Be) ((n—s = 1)=——
n—s—1ln—s—k—1
(Rn)* 1 ik
D g (fin)’ (Re)* (G +R)——
_ (Rn)*(n—s—1) p"~* n—zs—ln—ic—ll (RD>J <R0>k
s! p—1 = = G\ p P
n—s—1ln—s—k—1 .
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) sy e NS (R
s! p—1 P I\ p
(By)* = "1 (Rp Re\!
— 7_’_7
st p—1 P I\ p o)
_(Ry) (n—s—1) p"* 21 Rp
s! p—1 I

PP

(RN)S 1 n-—
s! —1(n— )

where (o was defined in (14.5); and

(Rp + Re)"™
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where (1 was defined in (14.4). Multiplying G by e ((1 [ TR A ) we get
1

(1=p)

(RN)S 1 n- ((1 p)u+(1p)1;)5+ )
S p—1(n= ) (Rp+ Ro)" Pe

z\g§<<1—\ﬁ[>41 > (n\/m+Rc+RD—1)C2+<+RpC>C2

(R]\'/) : 1(n_8)v (Rp+ Re)" e ~(wmratin i)
st p—1(n—s)

:<1<\/§_1>+C2<_\/§_ RC+RD+<1; )(RC+RD)—1>

Ge~ ((1 AR eI ) _

(PCl—Cz)—(n—S—l)C2+<RpD+RpC)C2

(C.16)

3 g
n—5(BN)" _py(Bp+Rc)"" _(rpiRo)
p—1 sl (n—s)!

N l Rc+ Rp _ RC"‘RD_l
~\/§<C15+C2< B N Ry 5))

Due to the following approximation, we can neglect the second term:

(Ry)® 1 n-—s
st p—1(n—2s)!

(Ry)® 1 n—s n-s (ot am+3)
~ Rp+ R e \(d-p)u (1 p)5
s! p—1 27T(n — 8)6_(n_5) (n _ S)nfs ( D C)

n—s
_ (Ry)® 1 n—s Rp . Re en_s_<ﬁ+r1§;>6+%)
st p—=1V 27 \(n—3s) (n—23s)
_ (RN)S 1 n_Senfs <<1 p)qu(l p>5+ )Jr(nfs)ln(%Jr(ff’;))
st p—1 2m

s
= (RN) 1 n= Se(n—s)<1—( (n—S)z\l—p)u—’— (n—sf()i—p)é—i_(n—)\s)w)—i_ln ((f—?@)+(fgg)>>
st p—1V 2n

%(RN>S 1 n—se_RN_é Vn—s(Ry)° _p, 1 _n2

(Rp + Re)"* e~ (Tt aimt3)

= 2
st p—1 27 p—1 gl c \/27r€
Rc+Rp 1 -

< VIO Loy 4 3/ R 1)

Where,
(n=s) <1 - <(nR—NS) i (nR—CS) " (HR—DS)> i ((”R—DS) i (”R_Cs))>
~(n=s) <1 - ((nR_Ns) i (nR—CS) i (nR—DS)> - (1 - ((nR—DS) i (”R_Cs))>
-5 (1 - <<nR—Ds) " (ans)>>2>

= Ry — (ngs) <1 - <(nR_DS) * (nR—Cs)>)2
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(remark: for the last approximation see details in C.13)

Combining the expressions for C and D we get

1 G +i B _iG+B_iG6_(RN+RD+Rc)+C
us A+ B MSA+B_HSA+B_MS £+ ¢

EW]=C+D =

where ¢ = ¢; — (. Thus, using the above approximation of Ge~(fn+Rp+Ec) (C.16), we get

1 Vs (Gh+ G (Bgieg - fRgtEe — 1)) 4G -G

VSEWT =0 e

:€1%+C2(RC+RD5 \/@_é>+ (G1—¢)

p(€+ G —C2) V(€ + G - ¢)
. (5)‘1’ n) 1 ¢(\/ 2‘*‘52 (771) (RCI;-NRD[; _ /RCI;NRD _ %)

/21 32) 1 ’
J <f_1800 s (77 + (B —t)y RcFiNRD) do(t) + ¢>(ﬁ)ﬁ<b(n) -4 nﬁw )62"%‘1’("71))

The approximations to (1,{2 and £ are stated in (14.6), (14.7) and (14.8), respectively.

The next theorem gives the approximation for the case where g = 0.

Theorem 11. Let the variables \, s and n tend to oo simultaneously and satisfy the QE Dy condi-

tions. Then

lim SE[IV] = — MR (52 + 1)@ () + 19(m))
—00 2
A MV [ ® (1= 1 g ) 42(0) + /I () + )
where m =n — w
Proof. As before,
1G+B
EWI= Ay B

We need to approximate GG when 5 = 0.

Using the formula
M
M+ 1)(M
S i = (+2)() (C.17)

one can show that when 8 — 0, p — 1 but still p # 1, the sum used in formula (C.15) is approxi-

mately equal to the one stated in (C.17).
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Thus, using the fact that s = Ry, we get

(RN)S n—s—1n—s—k—1 1 ) n—s—j—k—1
G- IS S mr wot S
k=0  j=0 =0
1 n—s—1ln—s—k—1 1 (n—s—]—k‘)(n—s—]—k_l)
~ 55! kz : k! (p) (Fc) 2
=0 Jj=

using Stirling’s formula, and Lemma 4 leading to

Ge—(BN+Rc+Rp)

n—s—1n—s—k—1 . :

_ R 1 ; m—s—j—k)n—s—j—k—1)
— (RN+Rc+Rp) J k
=TT Z 7 tp)” (Fe) 2

=0 7=0
n—s—1ln—s—k—1

(n—s—1) ) R 1

= (g e manes) B85 Z i (RoY () (=5 == B)

nslnsk’l

(RN+R0+RD) RN Z Z
Jj=

(n—=s—1) _(rRy+Ro+Rp) N
2 s!

|
[\3 —

n—s—1 1

L o (RN+Ro+R RN
— 5e —(RN+Rc+Rp) 'N ;ZO )(Rc) In—s—1)
J

s n—s—1n—
— (n ST 1) —(Rn+Rc+Rp) "N R ~ Z

B sl 'k:'

k=0 J=

1 Rs n—s— 1l l I )
_ —e¢ (BRN+Rc+Rp) ZEN. (n —s—1) o (Rp)’ (Re)
1=0 Jj=0

n—s—1n—s—k—1
_(n—s-1) —(RN+RC+RD)RS 1 J k '
T2 s! ,;0 per AL (Bp)’ (Ro)™(n =5 = —k)

1 —(RN+Rc+R )RS ! l l
— e (et i) =y s(n— s — 1) (Rp + Re)
=0

(n—s—1-—1)(Rp + Re)'

(n=5—=1) _(ysrosnm BN 'Nn XL ik :
= ¢ , > i BoY (Bo)* (n—s—j k)
s! prt = 7kl
n—s—2 l

e—(RN+Rc+RD)R;717V (Rp + R¢)
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(n e 1) (Rt R R}g\] n—s—1n—s—k—1
_(n=sob), > Y R (e s =i h)
j_

2 s!

k=0 =

1 RS n—s—1 1
— §e*(RN+RC+RD)S—J|V (Rp + Rc) ﬁ(n —s—1—1)(Rp + R¢)'

) =0
n—s—1n—s—k—1
n—s—1) _ R 1 )
= 222 Voo i g (RoY () (=5 == B)
" k=0 j=0

7
T
L

(]

1 Ry
- ze (RN+Rc+RD) (RD + Re) (n—s—1)(Rp + Re)'

T
| <
—_

3
¢

1 Ry 1

4= 2 —(Ry+Rc+Rp) I'N. (RD + RC) i (RD + RC)
s! =0
n—s—1n—s—k—1

(n—s—Rp—Rc—1) _ R; 1 j ~

- 5 ¢~ (RN+Rc+Rp) SJ‘V Z Z A (Rp)’ (Rc)k (n—s—j—k)
e S AL
n—s —1

1 Ry
—(RN+Rc+Rp) 2'N (R Re) (R R
+5e o Lip ) E:o p+ Re)

—s—Rp—Ro—1 1 R
_(n—s f; ¢ )C—|—26_RN8]'V(RD+RC)

%nVRD"i'RCC_{_RD;'RCes—RN(p)s 1
n\/RD+RC\/RC+RD 1 Rp+Rc, o 1
O(n) + +
5 Ry vaz 1) +em) + == (o) o=
1 Rp+ Rc

Ll RpiRe NS :
VW, (n2¢>(n)+n¢(n))+m Wi (p)” @(n)

~ L Ep+Fc _ Vs BptHc
~ = e (0 D2M) +no(n) = === ((

Therefore, using Lemmas 3 and 4 we get

®(n)

n? +1)®(n) +no(n)) -

JREW] = M\lfij:g M\lf %RL’TJ;% ((n? zi)f’(ﬂ) +n6(n)) +¢
-~ Betie ((n? + 1)@(n) + ne(n))
Nﬁﬂ (S0n @ (n -t/ ) d(t) + /BGEEL —L (0 () + 6(n)))
1 HEERC (n” + 1)@ () + 0o (n))
TR I RCﬁNRD) (1) + /BGERL (nd(n) + 6(n))
1 ML (o + 1)B() + 19(n))
23m 0@ (n—ty o ) () + /T (00 () 4 ()

~
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C.4 Proof of Approximation of the Probability of Blocking

In this appendix we will prove the approximation for the probability of blocking, stated in Section

14.3. The accurate measure was defined in Section 12.1, by Formula (12.1).

Theorem 12. Let the variables A, s and n tend to oo simultaneously and satisfy the QED condi-

: _ _ Ry _ oy
tions. Define B = RotRp = noyi(=p))’ then

V(1) B(2) + 6/ T ) E a(my)

lim /sP(block) =
it [7.® (n+ (35— 0VB) do(e) + 2230 _ S/TT) kg
A B YS S NN Y/ ET N TERE
where ny =1 T v= e = T v = OPE

Proof. 1t follows from (12.1) that the probability of blocking is given by

(55 () 7 (@) e (0

i=0 j=0

" i ni S!Si‘s <(1 —/\p)u>i;! ((1 f)\p)5>j (n—;—j)! @)”_H

i=s+1 j=0

B C~'1_|-C~'2 e ((1 P)M+(l p)5+ ) B 01 + 09
A+ By — B> e ((1 PIRREE=T p)5+ ) £+Cl_C2’

where
SR ) D § (e ey (RS W ) h
L Szt \(=pp) N =p)o) (n—i=j\~
2 = — - — — — 2
i=s+1 j=0 sls I=pp) ! \(1=p)d) (n—i—7g) \
b 1 A i A i/ F
151! _ —
i,5,kli<s, gk \ (1 = p)u (1—p)o Y
i+j+k<n
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and

- Zzl' <<1—Ap>u>y1 = >6>j ErE @) )

% J n—i—j
by = L < A > 1< pA > 1 : <)‘> o (Etan+3)
S sts e N\ =pp) P\ =p)d) (n—i—35)! \n

§= i Z_ ’ z’!jl!k:! ((1—Ap)u>i ((1€Ap)5>j (i)ke )

i,j,kli<s
i+j+k<n
s n—s 1
C~1=l A 1 Zl pA +i e (S t2)
st\(I=pp) 1=p= U \(Q=-p)d v
$ n—s+11N”S !
é:l A P l L_i_i e ((1 prage=T p)5+ )
st \ (1 —pu 1—p pare N\ (1=p)op p
Note that by Lemmas 1,2 and 3
s ¢(8)2(n)
1 = 1 =
el G el G g
~ /12 2
)\lim (o= )\lim (o= W@énhb(m),

s _ d o7y
== e (n +6- t)\/ﬂ(m +(1- p)5)> 92()

[e%)
S
I

~ z(:)l(l— >i;!<<1]ikp>a)j<n—3—j>!(j)mﬂe<(1P)H+W+)

) () (7
n! it —i= )\ -pp) \(1-p)s) \n

A PA A n
ef((lfp)u+(1fp)6+?> (# + (L + A)

(1-p)p 1-p)o ' v
- n!
s n—i A i pA J A
Z ( (1-p)u ) < (1-p)d ) < v
|| 4 _ A PA N A pA N
S\t sty St aoe ) \ e T
o (mtasnt?) Ay +2A)" s e
- 5 .
- ((, i+t ) P(Xy = (i,j,n i~ )
: i=0 j=0
=P(Va=n)) > P(Xx=(i,jn—i-}j)
i=0 j=0

— P(Yy = n)P(X} < 5)

n—i—j
)5 +3 )

where X is a random variable with Multinomial distribution with parameters (n, p;, pj, pr), pi =

A pA A
- i p; = %ﬂ Pk = —x——x —x, YA is a random variable with Pois-
pn sty Rty Rt Ty
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son distribution with parameter ~2~—
(1-p)u

distribution with parameters (n,p;). By the CLT and the use of C.3

+ ( ) 5 + 2 oF and X /{ is a random variable with Binomial

—n— By
S —np; ) S nRN+RC+RD

RN o RN
\/n Ry+Rc+Rp (1 RN+R0+RD)

R
S — nRN-FRZ‘f‘RD —d (S(RN + RC + RD) — TLRN)
)

R Rc+R
\/nRN+Rg+RD (RNJSRCJPRD \/”RN(RC + Rp)

Ry smﬁﬁ“ﬁ’—n):@( Ry (HM)—n)

Rc+ Rp \/ﬁ Rc + Rp

— Ry s+ 5t - Re + RD i
N Rc+ Rp RC + RD Rc—l-RD

o _\/Z n—s—RC;RD \/ _ﬁRC+RD
N n [Rc+Rp N+Rc+RD !
P
+ (1—p)s
e ﬁRC]:—;—NRD - e ﬁ p(py —p)9) -7
/14 chNRD \/1 Iy m+6(ifp)5)
(C.18)
By the normal approximation of the Poisson distribution:
(A pA A
P(Yy = n) ~ 1 " ((Pp)u T e T v)
A \/<1A> + i 3 \/(1A> + i 3
P P ¥ It P 2l (C.19)

1 77/(erlp 3

\[\/1+upv+ —p)d ¢ \/1+um+( —p)9)
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We based on the following equivalences (as A tends to co) to develop Equations C.18 and C.19:

A ]M A D 1
Z 1— 2 4=
:8<1+ (m+ 1— > < RC‘FRD)’
N
>\ A )\> A A A A ( A A >\>
n— “)rs+ —+ -+ += - + =
5 (1—p) Na=ps y \a=—pu" T=p6  ~

(I-p ¥
_ / A PA A
=547 1_ +7 1_ s+ (1_p)5+7 s+ (/s

+ (1 —p)o)
NU\/ m& +ﬁ\/§;
7y

1—
n— (o th) /e e
A A < +(1-p)d)
\/(1710)# + (171))5 +3 v \/1 + 55 &y .

Following Equations C.18 and C.19 we get

1 n /u(m+(1—p)5) +8 3 m+(1 —p)9) _
6y = P(Yy =n)P(X} < s)~ qb d il .
\/\/1 N um+(1 —p)é \/1 N u(er(l )d) \/1 N uer(;(ifp)é)
(C.20)

Now lets find an approximation for 5s.

- - A\l A Y 1 M7 (R
) — - A-p)n (1 p)5
2= 2 Zs'sz : < 1—p>u) ! <<1—p>5> (n—i—3j) <7> c

i=s+1 j=0

A S ) S () ()

i=s5+1 7=0

T )t )

i=s+1

- sls™ (1-p)d v g\ 22
e (@t at+) AV (st
- sls™* (8(1—p)u> 2 JT (N

When comparing s to (s form Equation C.2, we observe that

02 =(1-p)Ga~ ﬁg@-

Therefore, based on the approximation of (5 from Lemma 2 we get

. @ez’h@(m)

lim/\_,OO62 =
NG
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This proves Theorem 12.

The next theorem gives the approximation for the case where g = 0.

Theorem 13. Let the variables \, s and n tend to oo simultaneously and satisfy the QE Dy condi-

tions. Define and B = RcﬁNRD = u(m+5(71—p)5)’ then
) + 00
o ® (n=tVB) do(t) + S5k (n®(n) + 6(n))

i

/\lim V/sP(block) =

-
ﬁ\

_ 1 _ _
where v = TET VT s 2T e
Proof. Tt follows from (12.1) that the probability of blocking is given by

Ci+Cy e (w2t aSet?) 51 + 0y
A+ B e*(ufp)ﬁ(ﬂmﬁ%) E+¢°

‘- Zzl' (<1—Ap>u>yl' ((1 ZjAp)cs)j (n— 3_]»)! (i)

=0 j=
L S e A N1/ pA )J‘ 1 </\>”_i_j
Co = - - - . -
’ izglj;,s!s@*((l—p)u) .7!((1—19)5 (n—i—j)\~
. 1 AN/ pA >j<)\>’“
A= — -

kz ﬂﬂk!((l—p)u) <(1—p)5 g

0.4, Kli<s,

i+j+k<n
~ ]_ )\ s ]_ n_s]_ p)\ )\)l
B=— — + =

8'<(1—p)u) 1—/);0“((1—1?)5 v

and

pA >J' 1 <)\>n—i—]e (2t a2 12)
1-p)5) (n—i—j ! \y
iq < DA >j 1 <)‘>"—i—ye ((1 AR AR >
IM\AQ=p)d/) (n—i— ) \v
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Note that by Lemmas 3 and 4

lim € = lim € = ’ ®(n+(B-1) il dd(t)
A—00 A—00 — o0 ,U/(pry + (1 - p)(S)

Ah_filoé = lim ¢ = \/M(m T=p)?) 1 (n®(n) + o(n)),

Oy V2T

In addition, the approximations for d; and do are the same as the proof of Theorem 12.

1
lim lim /s —
~>0 *)OO\/> 2= \/ﬂ (77)
1 7
lim lim +/sé D | —
3—0 A—>oo\[ 2T \/1 N u(m+(1 p)5 \/1 \/1 | #r+(1-p)9)
u(er(l P)9) oy

This proves Theorem 13.
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