QED Q's
Telephone Call/Contact Centers

Service Engineering

Stanford

October, 2006

e.mail : avim@tx.technion.ac.il

Website: http://ie.technion.ac.il/serveng


http://ie.technion.ac.il/serveng

Supporting Material (Downloadable)

M. "Call Centers: Research Bibliography with Abstracts."
Version 7, December 2006.

Gans, Koole, and M.: “Telephone Call Centers: Tutorial, Review
and Research Prospects.” MSOM, 2003. (Sec. 3-4, possibly 2.)

Brown, Gans, M., Sakov, Shen, Zeltyn, Zhao: "Statistical Analysis
of a Telephone Call Center: A Queueing-Science Perspective."
JASA, 2005.

Erlang: "On the rational determination of the number of circuits.”
Written in the 20's; In "The life and works of A.K. Erlang,™ 1948.

Halfin and Whitt: "Heavy Traffic Limits for Queues with Many
Exponential Servers." OR, 1981.

Jelelnkovic, M. and Momcilovic: "Heavy Traffic Limits for
Queues with Many Deterministic Servers." QUESTA, 2004.

Borst, M. and Reiman: “Dimensioning Large Telephone Call
Centers.” OR, 2004.

Whitt's website, in Recent Papers: on the ED and QED regimes.



4CallCenters: Personal Tool for WFM

. ol
e lable gthngs Lish
Perfomiance Profiles Stafling Guury it w Ll
Perft % Prafil s d optirnize the your balow, ‘Compute’.
Profiler
fou % Baramulirs Sesngs
* Nt of Agients Answisning Galli w | *  Features: Abandons, Trunks
* Foiages Tienes fo Handles One Gall (i cas) [oron B minibos
* Sl pr A0 minl bnlenval [ 00:20 {m:zs)
*  mrerage Callers' Patience (mim:ss) ]m:on
*  numiner of Trunks Avallagle El
compurn | o pontorania | gewsrows | cosan | gpn graph
Basit  TamEl L MRIRDE L e Numberof Agenty  VETROE MWEMBIE  MANSWET  AVETADE
interval.  Timets n | Handling Im"ﬁ Mm"ﬂ Trunks Ocoupaney TTUIRE  WAnswer %Abandon %Elock Speedof  within  Qusue
(mintes)  Anawer Time . URENEY itz Angwar  Targel  Lengm
TResults
1
2
3
4
5
L
T
g
L]
10
11
12
13
14
15
16
1" =
1w Enllings
1 =
mn Pasiamutirs
Indicatons.
[Tty I e

Flg Toble Setivge el
; wotler | o | | v |
Profiling  prosie for each comaination of parameters. :
comate | @ poowTewe | poserows | gesrm | Bmon | gwon e g |
npul (2] 0020/ Range 030 40 0500 =
MultkValug v
Basic Targirt Awuray Rowtage %
el Timaso | MumBbtor Hmlm cn‘:.""‘ Dy eder | %Answer %Abandon Spesdof
) A Apents. Tere sl atience CUpEncY Answe 4
Reuss
228 500 00200 80 03300 2100 05000 088%  BEEW.  354% 01504
m B0O 00200 a0 0x3nn 200 05000 aTa% T.0% W% 01:H8
Fri ] 600 00:20.0 100 03300 100 0500.0 LLRE Y ToA% HEw 01058
29 600 OnHO0 o 0x300 1100 05000 LETE EIRES 1689% 00460
L) 800 00200 120 02300 2100 05000 0% SATH  113% 00324
o 600 00200 130 0X300 2100 0500.0 06.9% N2.7% 1% 0T
FE 600 00300 140 03300 100 05000  B31% S4Ew 5% 00141
233 00 onzoo 150 03300 100 05000 EETEY S FR 33% 0006
3 fa0  anzan 180 03300 2100 05000 TE1%  GRO% 20%  OD0A4
2 600 00200 40 03300 2200 05000 100% N fan% 05342
236 600 00:20.0 50 0X300 2200 05000 100% 0.0% 610% 04224
37 GO0 pOH00 B0 0F300 300 05000 LELEY LIELY LERL S )
a4 BOO 00200 0 0x300 00 osmn Wre S44% SER 02484
n 600 00200 B0 03300 2200 05000  933%  A19%  IM% 02119
240 600 00RO a0 ox3nn 2200 05000 08.5% BO01% 0% 0142
m 600 OEZO.0 100 03300 2200  0500.0 LTAL S 15.1% W3I% 0187
12 00 0000 1o 0x300 200 08000 %1% 168 B4R 005D
13 B0 00200 120 03300 200  0500.0 925% 26.5% 135% 00392
4 500 Q00 130 03300 00 05000  0I%  G0S% 95% 0070
5 600 000 140 0F30.0 2200  0500.0 (34 93.6% B4% 00480
248 K00 00700 150 03300 200 05000 B2 0% a5 5% 4 oong
ur 800 o000 180 03300 2200 05000 TE%  aT4% 28% 00073
248 600 00200 40 0¥300 2300 0500.0 100% 196% T02% ORI E
49 600 00200 50 0x300 2300 05:00.0 100% ¥ 61T% 040357
250 GO0 OrF00 B0 03300 2900 05000 LEEEY 447 G53%  OFMS
251 B0 0000 To 03300 300 05000 LEELY s21% arg®m  gamz
292 600 00200 80 02300 2300 05000 935%  S04%  406% 02242
252 600 00:20.0 a0 0x3no 2300  05:00.0 00.0% BEA% AWE%  01SLE
54 600 00200 100 05300 300 05000  9Tem 0% 270% 01360
2845 o0 ondoo 1m0 X300 300 05000 LTS T9.0% n0% 0o
295 800 00200 120 02300 2300  05.00.0 2% B41% 158% 00485
247 600 OG0 130 0X300 2300 05:00.0 4% a0.6% 114%  00:320
58 600 06300 140 03300 2300 05:00.0 82.2% 92.0% 0% 00325
254 K00 anzio 150 03300 2300 05000 LR A4 ER S4% 00150
280 600 00200 180 02300 2300 0500.0 809% 98.5% 35%  o00aT
261 600 Q0200 40 03300 2400 0500.0 100% 0.6% Ti4% 05503
62 600 0600 50  0F30.0 2400 05000 100% W% G43% 04484
63 600 00300 B0 0F300 00 05000 100% 418% S73% 03477
84 BO0  anz00 70 03300 2400 05000 099%  4008%  A01% 03137
285 600 00200 80 02300 400 05000  9T®  STO%  420% 0224
288 600 00200 a0 0x300 2400 05000 09.3% B10% B2%  O0XO4D
6T 00 00I00 00 0FI00 400 05000 (el Y man 96%  0VIS
268 600 00300 no 0x300 00 05000 a1 1% LY FEEL SR ER] l:
269 600 00200 120 03300 2400 0500.0 956% 81.9% 101% 00544 Sengs
270 600 000 130 0%300 MO0 05000  932%  BAS%  135% 0033
m 600 003000 140 03300 200 05000, 903% 603 @i% 00206 L1
a2 00 00700 150 03300 2400 05000 B1% 935% 6% 00184 Parsmiters
m 00 00200 180 03300 2400 05000  B3E%  955% 45% 00128 ]
4 Indicators
Al ]
[Raaty [ wowood [ w008 1WA T e et s A
B 5t0t| GusckLorch @ techeiens... | @0 Tera | & e, | acenes | 2] ernt e - gD, | ) pacroclt Wit - TEVP ko | gy AcbContons w2t |I= ookl & [OF e

3



Erlang-C (M/M/N): # Agents

ACD
ueue

arrivals

i

Erlang-B (M/M/N/N): # Trunks

agents

i

1

arrivals

R

Lost Calls

10



“First National City Bank Operating Group”

“By tradition, the method of meeting increased work load in
banking is to increase staff. If an operation could be done at a

rate of 80 transactions per day, and daily load increased by 80,

then the manager in charge of that operation would hire another

person; it was taken for granted...” (Harvard Case)

1:1 Staffing - Classical IE (Erlang-C)

8 transactions per hour = E(S) = 7:30 minutes (=M)

Ahr N Agents

8 2
16 3
24 4
32 S

p=0CC

L,=Que W,=ASA

50%
67%
5%
80%

0.3
0.9
1.5
2.2

2:30
3:20
3:49
4:09
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Ahr N  p=0CC L,=Que W,=ASA
72 10 90% 60 5:01
120 16 93.8% 11 5:29
400 51 98% 42 6:18
640 81 98.8% 70 6:32

1,280 161 99.4% 145 6:48

2,560 321 99.7% 299 7:00

3,600 451 99.8% 423 7:04

l | |
00 00 1 o0 7:30 1

— Efficiency-Driven Operation (Heavy-Traffic)

Intuition: at 100% utilization, N servers = 1 fast server

Indeed Wy ~Wg [Wq > 0=+ 2N E(S) > E(S) =7:30 !

N 1-pn
since oy =2 xNE(S) _8(N _l)I\T 7.5/60 _ NN—1:1_%

NQ-pn)=1 . pon—1.



What cam be achieved
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Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time

2 seconds ASA (Average Speed of Answer)



Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time
2 seconds ASA

Offered load R= L x E(S)

=400 x 3:45 = 1500 min./30 min.
= 50 Erlangs

Occupancy p =R/N
= 50/100 = 50%

10



Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time
2 seconds ASA

Offered load R= L x E(S)

=400 x 3:45 = 1500 min./30 min.
= 50 Erlangs

Occupancy p =R/N
= 50/100 = 50%

= Quality-Driven Operation (Light-Traffic)

= Classical Queueing Theory
Above: R=50, N = R + 50, ~allservedimmediately.

Rule of Thumb: N

[R+5R|, 6>0 service-grade.

11
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Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C ~ N=100 E(S) = 3:45 min.

Ahr p E(Wg) =ASA % Wait=0
800 50% 0 100%

12



Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C

Ahr

800
1400
1550
1580

1585

50%
87.5%
96.9%
98.8%

99.1%

N=100 E(S)=3:45 min.

E(W,) = ASA
0
0:02 min.
0:48 min.
2:34 min.

3:34 min.

% Wait =0
100%
88%
35%
15%

12%

13



Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C ~ N=100 E(S) = 3:45 min.

Ahr P E(W,) = ASA % Wait =0
800 50% 0 100%
1400 87.5% 0:02 min. 88%
1550 96.9% 0:48 min. 35%
1580 98.8% 2:34 min. 15%
1585 99.1%  3:34 min. 12%

— Efficiency-driven Operation (Heavy Traffic)

Wy ~Wq |Wq > 0= L PN E(s)—E(S) =345

NA-pn)=1 , pn—1
Above: R=99, N = R+1, ~ all delayed.

Rule of Thumb: N

[R+y], >0 service grade.

14



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N oCC ASA % Wait = 0
1585 100 99.1% 3:34 12%

15



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N oCC ASA % Wait = 0
1585 100 99.1% 3:34 12%

1599 100 99.9% 59:33 0%

16



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N ocC ASA % Wait = 0
1585 100 99.1% 3:34 12%
1599 100 99.9%  59:33 0%
1599  100+1  98.9% 3:06 13%
1599 102 98.0% 1:24 24%

1599 105 95.2% 0:23 50%

17



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N ocC ASA % Wait = 0
1585 100 99.1% 3:34 12%
1599 100 99.9%  59:33 0%
1599  100+1  98.9% 3:06 13%
1599 102 98.0% 1:24 24%
1599 105 95.2% 0:23 50%

— New Rationalized Operation
Efficiently driven, in the sense that OCC > 95%;

Quality-Driven, 50% answered immediately

QED Regime = Quality- and Efficiency-Driven Regime

Above: R =100, N= R+ 5, 50% delayed.

J- Safety-Staffing N=[R+pvR |, p>0 .

18
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QED Theorem (Halfin-Whitt, 1981)

Consider a sequence of M/M/N models, N=1,2,3,...

Then the following 3 points of view are equivalent:

e Customer |im Py {Wait>0}=a, 0<a<l;

N —o0
e Server Nlim IN(A-pN)=f8, 0< B <o;
—>00
e Manager N=xR+pBvVR , R=AxE(S) large;
-1
Here o= {1 + 'B¢('B)} ,
P(f)

where @(-)/¢(:) 1is the standard normal density/distribution.
Extremes:

Everyonewaits: a=1 < f=0  Efficiency-driven

Quality-driven a=0 < f=o Noone waits:

19
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J- Safety-Staffing: Performance

R= Ax E(S) Offered load (Erlangs)
N=R+ gJR B = “service-grade” >0
——
=R+ 4 V- safety-staffing

Expected Performance:

-1
% Delayed ~ P(f) = {1+ 'B¢(’B)} , >0 Erlang-C

o(B)
Congestion index =E Wait Wait >0 | = L ASA
E(S A
% | VAt T Wait > 0l= e TA TSF
E(S)
Servers’ Utilization = R ~1—£ Occupancy
N JN

21 25



QED : Some Intuition (Assume p = 1)

| |
M/M/N WN|WN>O deXp mean = —
N I-py

INWy | Wy>0 ¢ exp(VN (1-py)) = exp(B)

But why P(Wy>0) > a, 0O0<a<1 ?

22



M/M/N (Erlang-C) with Many Servers: N T oo

Q(0) = N:

Recall

Here

Also

Hence,

A A

A A A A A
ONOROIOROROIN
N Nu Nu

Hn

2u 3p

Q_ . | Q.

<

all servers busy, no queue.

~1 1
TN_1nN 1—pnN
EQ’N = [1 + : ] = [1 —+ ] .
TN N-1 pnE1 N_1

1 1 Y
ANEin-1  Npxh(=B)/VN h(=8)VN

which appliesas VN (1 — py) — B, —o0 < 8 < oo.

InN-1N =

T
Nu(l—-pn)  BYN

which applies as above, butfor 0 < 8 < cc.

ITNN-1=

p
h(—B)

-1
Eon ~ [1 + ] , assuming G > 0.

23
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Rules of Thumb: Operational Regimes

R = Ax E(S) units of work per unit of time (load)

Efficiency-driven (%{Wait > 0} — 100%)
N=[R+y], y>0 service grade

Quality-driven (%{Wait > 0} — 0)
N=[R+5R], 5>0

QED Regime (%{Wait >0} »> «, O0<a <)
N=[R+pJR |, B>0 +- Safety-Staffing

Determine Regimes (Strategy), Parameters (Economics)

Strategy: Managers, Agents (Unions), Customers

Economics: Minimize agent salaries + waiting cost

24 23



Strategy: Sustain Regime under Pooling

Base: A =300/hr, AHT =5min, N =30 agents

RZSOOX%:ZS, OCC=83.3% ASA=15sec

y=(N-R)/A/R =(30-25)//25=1, P(1)=22%

A4 CC: A=1200, AHT=5  R=100; N=?

Quality-Driven: maintain OCC at 83.3%.
N = 120, ASA = .5sec, y=(120-100)/10=2

Efficiency-Driven:  maintain ASA at 15 sec.
N = 107, OCC=95%, y=0.8

QED: maintain %{Wait>0}) at 22% (y at 1).
N =100 +1-+/100 =110, OCC =91%, ASA =7 sec

9cc: A=2700, AHT=5R=225
Q: N=270
E: N=233
QED: N =225+ 1.+/225 =240, OCC = 94%, ASA = 4.7 sec

25 27
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Base case: M/M/N with parameters A, p, NV

Scenario: A — mA (R — mRA)

Economies of Scale

Base Case | Efficiency-driven | Quality-driven Rationalized
Offered load = f—l mR mR mR
Hafety stating A A ma md
Number of agents N=R+A mi+ A mR+ mA mR 4 /mA
& a_ A 3 - :
Serv g=_= 2 ._
ervice grade 3 Nz N Bvm
Erlang-C = P{Wait>0} P(3) P (iﬁ) o P(By/) | 0 P(g)
W
R R — R N
Oecupanecy p_R+.-j H+%|l p_R+.-'l lqH_wiﬁu
- Wait 1 1 a 1 ASA 1 ASA
£ :'JI'.. =L = Wait - — —_— = :‘_"'u‘ E =
ABA E[ELS} ‘ Ea.lt}D} X X ASA —X — Tmh - Vm
Vai : : —
TSF =P {% =T ‘ Wait = o} e~ Ta e~TA = TSF| | e ™4 = (TSF)™ | e~V™4 = (TSF)v™
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Economics: Quality vs. Efficiency

(Dimensioning: with S. Borst and M. Reiman)

Quality D()  delaycost (t= delay time)
Efficiency C(N) staffing cost (N = # agents)

Optimization: N* minimizes Total Costs

e C>>D: Efficiency-driven
e C<<D: Quality-driven
e C =~ D: Rationalized - QED

Satisfization: N* minimal s.t. Service Constraint

Eg. %Delayed < « .

e a=1l Efficiency-driven
e a=0 Quality-driven
e 0O<acx<l: Rationalized - QED

Framework: Asymptotic theory of M/M/N, N T oo

27



Economics: - Safety-Staffing
Optimal N~ R + y*(%) VR

where d = delay/waiting costs

c = staffing costs

1/2
* r
Here ) =~ . 0<r<10
y () (1+ r(Nz ! 2—1)]

1/2
= (ZIn Lj r large.
N2 ’

Performance measures: A=y*J/R safety staffing

P{Wait >0} = P(y) = {1+ Yoy )} Erlang-C
o(y)

TSF = P{\é’a't Wa|t>o} e TA

1

ASA = E{Walt
E(S)

Wait > 0}

A
1—éz1—
N

Occupancy yf;

28 31



Square-Root Safety Staffing: N=R+y (r)vR
r = cost of delay / cost of staffing

0 100 200 300 400 500

29
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J- Safety-Staffing: Overview

e Parameters

Average service time M seconds

Arrival rate A calls per hour
— Offered load R = AxM /3600 hours work
per hour
Delay costs d per customer-min
Staffing costs C peragent-hour
_, Waiting =960
Staffing C
e Optimal N ~R+y (r)VR
%/_J

A . safety-staffing

31 44



J- Safety-Staffing: Overview (cont'd)
Simple Rule-of-thumb: N~ = R +y*(%)«/ﬁ

Robust: covers also efficiency- and quality-driven
Accurate: to within 1 agent (from few to many 100’s) typically

Relevant: Medium to Large CC do perform as above.

Instructive: In large call centers, high resource utilization and

service levels could coexist, which is enabled by economies of scale

that dominate stochastic variability.

Example: 100 calls per minute, at 4 min. per call

= R =400, least number of agents

*

A y(r) vy o |
~ ~ = ~—, with y:05-15 ;
R JR 20 y

Safety staffing: 2.5%-7.5% of R=Min! = *“Real” Problem?

*

Performance: N % walt > 20 sec. Utilization
400 + 11 20% 97%
400 + 29 1% 93%

32 38



Rules-of-Thumb in an "Erlang-C World"

R = Offered Load (not small)

Efficiency-Driven: N=R+2 (or3,or...),
Expect that essentially all customers are delayed in queue, that
average delay is about 1/2 (or 1/3, or...) average service-time,

and that agents utilization is extremely high (close to 100%).

Quality-Driven: N =R+ (10% - 20%) R

Expect essentially no delays of customers.

QED: N=R +0.5vVR

Expect that about half of the customers are not delayed in
queue, that average delay is about one-order less than average
service-time (seconds vs. minutes), and that agents utilization is
high (90-95%).

Can determine regime scientifically:

Strategy: Retain performance levels under Pooling (4CC demo)
Economics: Minimize agent salaries + congestion cost, or

Satisfization: Least Number of Agents s.t. Constraints

33 39



Scenario Analysis: 80:20 Rule (Large Call Center)

Prevalent std: at least 80% customers wait less than 20 sec.
Formally:  %(Wait > 20 sec.) < 0.2

e Base Case: 4 =100 calls per min (avg)
M = 4 min. service time (avg)
R =400 Erlangs offered load (large)

y*(%) =0.53, by %{Wait>20sec.} =P(y)e™ " =0.2

Hence: N =400 + 0.53 /400 =411, by +/- safety-staffing

And % = (y)™*(0.53)=0.32, by inverting y’

: : 1 :
Low valuation of customers’ time, at 3 of servers’ time, yet

reasonable 80:20 performance? enabled by scale!

e What if —=57?

N* = 429 agents (vs. 411 before)
Agents’ accessibility (idelness) = 7%  (vs. 3% before)

Hence, 1 out of 100 waits over 20 sec. (vs. 1 out of 5)

34 47
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Scenario Analysis: A "Best-Practice” Call Center

- 15,000 callers per day, with 1,800 calls at peak hour (avg);

- 4 min. service time (avgQ);

- Significant service variability: 5% served over 12 min. (avg);
- 90% servers’ utilization (avg).

- No “busy” signals, mere seconds waits, no abandonment.

Peak hour analysis:

R=XAxM=1800 x 4/60 =120 Erlangs offered-load
N = R/p =120/0.9 = 133.3 agents

A=N-R =133 safety staffing

y (d/c)=A/~R =13.3/+120 =1.22

d_ y)'(1.22) =3, service index

C

1 hr of customers’ walit is valued at 3 times hr wage of agents

Performance (via Erlang-C):

- %(Wait > 0) =P(1.22) =15% delayed

- %(Wait > 20 sec) = 5% delayed over 20 sec.

- ASA = E[Wait] = 2.7 sec average wait

- ASA | Wait >0 =18 sec average wait of delayed
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Scenario Analysis: on Economies of Scale
“Best Practice” call center
A = 1,800 calls per peak hour; M =4 min.

R =1800 x 6% =120 Erlangs offered-load

e Base Case: How many agents are required so that, on avg,
only 1 out of 100 wait more than 20 sec.? N = 140

A =140-120 =20 (safety staffing)

«(d A 20
Rl =1.75
y (cj JR 120

9 = 12.5, namely customers’ wait is highly valued.
C

e What if M =30 sec. (asin 411 services), N =126

suffices for the above performance, which implies

«(d 6 d
— — |~ =053, or —=0.32.
d (cj 120 C

This equals the performance of a large call center (R = 400),
but with E(S) =4 min. (vs. only 30 sec. here).
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Scenario Analysis: “Satisfization” vs. Optimization

Theory: The least N that guarantees %o{Wait >0} < ¢ is
closeto N =R+P1(g)VR (again /- safety-staffing).
(Folklore: N"=R+¢ Y(¢)VR , ¢ =1—¢ ;based on

“classical” normal approximations to infinite-servers models.

The two essentially coincide for small &)

Example: A =1,800 calls at peak hour (avg)

M =4 min. service time (avg)

R =1800 x 6% =120 Erlangs offered-load

Service level constraint: less than 15% delayed, equivalently

at least 85% answered immediately.

— N =R +P7(0.15)vR =120+1.22+/120 =133 agents
= %{Wait>20sec.} =5% delayed over 20 sec.

ASA = E[Wait] =2.7sec. average wait
ASA |Wait>0  =18sec. average wait of delayed
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Scenario Analysis: “Reasonable” Service Level ?

Theory: The least N that guarantees %{Wait >0} < ¢ is
closeto N =R+P1()VR (again /- safety-staffing).

Example: A =1,800 calls at peak hour (avg)

M =4 min. service time (avg)

R =1800 x 6% =120 Erlangs offered-load

Service level constraint: 1 out of 100 delayed (avg), namely

99% answered immediately.
— N =R +P?1(0.01)VR =120+ 2.38+120 =146 agents

= % = (y")"}(2.38) = 75: very high service index

Valuation of customers’ time as being worth 75-fold of agents’
time seems reasonable only in extreme circumstances:

e Cheap servers (IVR)

e Costly delays (Emergency)

Note: Satisfization easier to model but Costs easier to grasp.
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