Sergey Zeltyn January 2005

STAT 991. Service Engineering.
The Wharton School. University of Pennsylvania.

Classical Queueing Models.

Based on:

e Mandelbaum A. Service Engineering course, Technion.
http://iew3.technion.ac.il/serveng2005W

e General knowledge on classical queueing models.
(E.g. Wolff. Stochastic Modelling and the Theory of Queues.)

e 4CallCenters software: examples of output.
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e | — number-in-system:;
e )\, — arrival rate given ¢ customers in system:;

® [i; — service rate given ¢ customers in system.
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Additional assumptions (classical queues):

e n statistically identical servers;
e FCF'S discipline — First Come First Served;

e Work conservation: a server does not go idle if there are cus-
tomers in need of service;

e Customers do not abandon.

Measures of Performance

e [ - number of customers at the service station;
e L, - number of customers in the queue;
e IV - sojourn time of a customer at the service station;

e IV, - waiting time of a customer in the queue.

In steady state,

1 7
E|L| = - = lim —-[ L .
L] kzzzok M= Hmo g (t)dt
ElL)= > (k—n)- 7.
k=n+1

If A — arrival rate to system, Little’s formula implies:

B[L] = A - E[W]; B[Lg) = A - E[W].



4CallCenters Software.

Calculations based on the M.Sc. thesis of Ofer Garnett.
Will be extensively used in our course.

Install at
http://iew3.technion.ac.il/serveng2005W/4CallCenters/Downloads.htm
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4CallCenters™

Personal Optimization Tools for Call Centers
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Dovnloads:

1. 4CallCenters v3.01(zip file- 5.4mh)
Desktop application offering personal profiling and optimization tools.

® For installation: Dewnload the zip file, open it, activaie setup.exe and follow the instructions.
» To uninstall the installed sofiware: Go to Stari/Programs/4 CallCemters v2.01/Uninstall 4CallCenters v2.01

2. 4CallCenters w2 01 - Help Diocument (90kh)
Word document containing the 4CallCenters application's help pages

m We are grateful to QSetup for their support.
Beta Version 2.21
Enhancements include imgport / export of tables, and archive / retrieve of sessions.
1. dCallCernters v2 2 (setup exe file- 3 mib)
® For installation: Open setup.exe and follow the instructions.

# To uninstall the installed sofiware: Go to StartPrograms/4 CallCenters v2.01/Tninstall 4 CallCenters v2.01

2. 4CallCenters +3.21 - Help Diocument (100kh)
Word document containing the 4CallCenters application's help pages

Beta Version 2.22 (NEW!II) @ip . 27ME)
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M/M/1 queue
e Poisson arrivals, rate A;

e Single exponential server, rate u, E[S] = 1/pu.

A A A A

Cut equations: Am;, = um; 1, 1> 0.
Traffic intensity p = 2 <1 (assumed for stability).

Steady-state distribution Geom(p =1 —p) (from 0):
= (1—p)p', i >0.
Properties:

e Sojourn time is exponentially distributed:

Wwexp(mean—1—1[1+’0]).
pl—p) p

Proof: Via moment generating functions.

According to PASTA

N
WLy X, X ~explp)iid, N=ZGeom(l—p) (from 1).
i=1



Moment generating function:

ow(t) = Elexp{tW}] = E

N
exp{t- > X@}]
i—1

N
exp{t- > X;} ]
i=1

= (Moment generating function of Erlang r.v.)
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Pexp(u(1—p)(t) -
e Delay probability (PASTA)
P{W, >0} = p.
e Waiting time in queue, given delay, is exp:
W, 4 wp 1 —p

l/p { exp (mean = 1_1p) wWp P

e Number-in-system

Br) =20 BlL) ="

e Server’s utilization (occupancy) is p = A/ p.
(Little’s formula, system = server.)

e Departure process in steady state is Poisson ()
(Burke theorem) — important in queueing networks.



M/M/1. 4CallCenters output

L8]]
File Table Settings Help
Performance Profiler | Staffing Cuery | Advanced Profiling | Advanced Queries | What-if Analysis
Performance Performance Profiler allows you to determine and optimize the Performance Level of your Call Center. Enter your
Profiler call centar's pararneters below, then press 'Cormpute’
~Y¥our Call Center's Parameters ~Settings
® nMumber of Agents Answering Calls | 1 4+ Features: Hone Selected
4+ Average Time to Handle One Call {mm:ss) | 0&:00 4 Basic Interval: 60 minutes
& Cals  60minute | 5 4 TargetTime:  00:00 (mm:ss)
Change Settings |
‘Compute | ¢ Addto Table| Delete Rows | Clear Al | Export | Graph |
Basic Target Average , Average  %Answer  Average =
Interval Time to Nim;anetrsof Handling ﬁﬁ{fn?a?r O?Euenatr?c Speed of within GClueue
{minutes)  Answer 4 Time PANEY  p i swer Target Lenath
Results B0.0 0o:00.0 1.0 06:00.0 5.0 A0.0% 06:00.0 A0.0% R
1 B0.0 0o:00.0 1.0 06:00.0 8.0 80.0% 24:00.0 20.0% 3.2 l:l
2 G0.0 00:00.0 1.0 0G:00.0 9.0 90.0% 54:00.0 10.0% 3.1 Settings
3 (1
4 Parameters
&
6 ]
Indicatars
T -
iRead\f | D3/01/2008 | 1349
distart| (G © 5] HreraTem.. | e ) MIp | # wirest -L...|[d 4calicent.. B W QDVEG YT 1349

Note large waiting times:

E[S] for p =50%, 9-E[S] for p = 90%, 19-E[S] for p = 95%.

4CallCenters: performance measures.

e Average Speed of Answer = E[W/]
(will be different in queues with abandonment);

e % Answer within Target = P{W, < T'};
o Average Queue Length = E[L,].



M/M /oo queue
e Poisson arrivals, rate A;

e Infinite number of exponential servers. rate .

A A A A

i+1)p

A=A 1>0; i =1-p, 1>0.
Cut equations:

A= +1) - pmpr, >0,
Always stable.

Steady-state distribution is Poisson:

T, =€ BT ( Z 07
il
where R = — is the offered load (measured in Erlangs).
i
1
E[L] = E(# busy servers) = A-— = R.
v

(Little’s formula, system = service.)

Very useful: oo-server models provide bounds (next lecture: queues
with abandonment).

Results above valid for M/G/oo — generally distributed service
times.



M/M/n (Erlang-C) queue
e Poisson arrivals, rate A;

e 1 exponential servers, rate p.

Widely used in call centers.

ACD e
arrivals
> queue | | ==

A A A A A
(OIT TR wee Gk ] Tardl o)+
K ny ny ny
>\j = A J =0,

pp = (GAn)p, j=>1.

Agents’ utilization

Assume p < 1 (R < n) to ensure stability (as in M/M/1).



4CallCenters output: Instability, p > 1

"14callCenters ¥2.01 _—

File Table Settings Help

PErOrmance F'rufilerl Staffing Query Advanced Prafiling | Advanced CQueries | What-if Analysis |
Advanced The Advanced Profiling tool allows you to enter multiple walues for each ofthe input parameters, and produces a
Proﬁllng perfarmance profile for each combination of parameters.
Compute I & Addto Table | Delete Rows Clear All | Export | Graph | & Settings |
Input G0 00:00 100 06:00 1000 -
hiulti-Yalue
Basic Target Average , Average  %WAnswer  Awerage
Interial Time to N';'\Tnbirﬁof Handling Cifllnsnfajr nf\ﬁgeﬁfﬂ Speedof  within Cuaue
@iz xiprat
Results I
1 - Cannot perform computation for such an extremely overloaded call cenker - check the
9 \lj) Input Parameters or try changing the Feature settings, For more information try our
‘Help'
3
4
QK
. o |
B
T
g
9
10 Settings
i m .
1; Parameters
14 [ ]
15 - Indicators
iRead\f | 030172008 | 1412
Q’startl @ & I Tera Term-ietw...l |5 MIP | ## winEdt - [C:3... ”“ 4CallCenters v... ng DVIH Y < 1412
L] L] L]
Steady-state distribution:
R
Ti =~ Mo, 1< n,
1.
n Al
n'p ,
= —— T, 1> n,
n!

Ty = —+ |
S =N TR T

where R = i is the offered load.
14
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Erlang-C Formula (1917):
Delay probability:

R 1
P{W>O} 2 Eg’n: Y= — —— - .

i>n nl 1—p
Erlang-C computation: recursion, see Erlang-B below.

Number-in-queue:
P{L,=i} = Ey,-(1=p)p', >0,
or

0 WD 1—E27n
L - |

Geom(l — p) wp Es,

Waiting time distribution:

Wq O WD 1 — Eg,n

7 =

11
exp <mean == 1_/)) wp Eap

Compare with M /M /1!

Departure process: Poisson()\) in steady-state.
Proof via reversibility.
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M/M /n: derivation of waiting-time distribution

P{W, >t} = gij{Lq —k—1}-P{E, >t}

(where Ej ~ Erlang(k, nu))

~ N L
= Dy 2{1— Pl ”“”W e g

N (num:)’“‘l
o (1= p) - | (e )&
— EQ,TL . nlu(l _ p) . /too e—nﬂ(l—p)$dx

— By, - e i(1=p)t
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Pooling

Example: Kleinrock, L. Vol.II, Chapter 5 (1976)

(a) Clm (b) Clm (c)
2w T O c

: : o AP : L, A O
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(d) c (e) c (6]
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4CallCenters output

EIE
File Table Settings Help
Performance Profiler | Staffing Cluery | Advanced Profiling | Advanced Queries | What-if Analysis
Performance Performance Profiler allows yvou to determine and optimize the Performance Level of yvour Call Center. Enter your
Profiler call center's parameters below, then press 'Corpute’.
—¥our Call Center's Parameters - Settings

* nNumber of Agents Answering Calls | 1 4 Features: MNone Selected

4+ Average Time to Handle One Call {mm:ss) | 0500 € Basic Interval: 50 minutes

+ Calls B0 minute | 10 ® Target Time: 00:00 (mrn:ss)

Change Settings |

Compute & Addto Table QeleteRDwsl Clear All | Export | Sraph |

Baszic Target Average . Average  %Answer  Average &
Interval Time ta N:mbetr i Handling Clalls pzTr OAgents Speed of within Cueue
{minutes)  Answer gents Time merva EEURBNCY oy Target Length
Results 60.0 00:00.0 1.0 05:00.0 10.0 83.3% 25:00.0 16.7% 4.2
1 60.0 00:00.0 5.0 05:00.0 50.0 83.3% 03:433 38.0% 31 |:|
2 60.0 00:00.0 1.0 01:00.0 50.0 83.3% 05:00.0 16.7% 42 Settings
3 L]
4 Parameters
5
. [ ]
Indicators
? ............................ &
iReadv [ 18012008 | 1907

& Startl [lf} @ E'_ Tera Te... | |} Grisha I | Grisha ) Figures ) Sergey II “ 4CallCe... H | g Eocﬁ @ g 19:07
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1 2 3
n x M/M/1 Peoline M /M /n technology yr/ni/1
A, 1 nA, f nA, N
P{Wq > O} P Eg’n P
1 p 1 FEy, 1 p
E[W,] — — o
pl—p p n(l—p) np 1—p
1 1 1
B[S] - -
1 T ny
11 1 [ By, 11
E[W] - - > +1} :
p 1—p p n(l—p) np 1—p

Statement: 1—p < 1—FE,, < n(l—p).

Proof: Consider M/M/n.

1 —p = P{server iidle}, for i=1,...,n;
1 — E,, = P{at least one server idle} = P { LnJ {i idle}}
i=1
n(l—p) = Zn: P{server ¢ idle}
i=1

14




Conclusions

1 — 2 : Pooling yields E[W,] decrease by more than factor n;
1 — 3 : Fast server yields E[W] and E|[W,]| decrease by factor n;

2 — 3 : Fast server better for E[W];
Pooling better for E[W/,].

15



M/M/n/K queue
e Poisson arrivals, rate A;

e 1 exponential servers, rate y;
e K trunks (K > n);

e If all trunks busy, arriving customer blocked (busy signal).

A ) A A

pip =GAn), 1<j< K

Formulae straightforward but cumbersome (simply truncate M/M /n).
Always reaches steady state.

16



4CallCenters output.

L8] x]
File Table Settings Help
Performance Profiler | Staffing Query Advanced Prafiling | Advanced Queries | What-if Analysis |
Advanced The Advanced Profiling tool allows you to enter multiple values for each ofthe input parameters, and produces a
Profiling perfarrmance profile far each combination of parameters.
Compute | 4 Addto Table| Celete Rows Clear All | Export | * Settings |
Input Range 1580 -
Multi-Walue v
. Average Average  WAnswer  Average
ﬁﬁ{::wpa?r Nyrr;rsltra]irsof O?Efnatr?c Trunks FoAnswer %Block Speed of within Clleue
[DEEY Utilized Ansiver Target Length
Results
1 400.0 150.0 90.0% 41.9 100% 0% 00:.07.6 78.4% 14
909.0 150.0 490.9% 933 100% 0% 00:09.7 T4.5% 24
3 918.0 150.0 91.8% 94.9 100% 0% 00:12.3 T0.2% 31
4 927.0 150.0 492 6% 6.7 99 9% A% 00:15.6 B5.4% 4.0
ki) 936.0 150.0 93.5% 986 99.9% 1% 00197 B0.1% 5.1
i} 945.0 150.0 94 4% 100.8 99 8% 2% 00:24.6 54.5% 6.4
7 954.0 150.0 45.2% 103.2 99 8% 2% 00:30.5 48.6% 8.1
g 963.0 150.0 95.9% 105.9 99.6% A% 00:37.3 42.5% 3.9
9 872.0 150.0 96.7% 1088  99.4% B% D045 36.4% 121 [ ]
10 931.0 150.0 97.3% 111.8 99 2% 8% 00:53.8 30.4% 148 Settings
11 950.0 150.0 97 9% 115.0 98.9% 1.1% 01:031 24 9% 17.2 l:l
12 499.0 150.0 95.4% 1182 98.5% 1.5% 01127 19.8% 19.9 PR
13 1,008.0 150.0 43.8% 121.4 98.0% 2.0% 01:22.3 15.4% 226
14 1,017.0 150.0 499.1% 1243 97 4% 26% 01:31.7 11.8% 252 l:l
1g _|' Indicatars
4 »
[Ready | D3/01/2008 | 1326

.cf_'Startl & @ o] D Tera Te...l 5 MIP | ## WinEdk,. . ”“ 4callce.. |_JE13 | Microso... | ﬂlﬂ QEGD@Q 15:26

Use Change Settings = Features = Trunks.

Note new indicators:
Average Trunks Utilized and %Blocked.

4CallCenters: Advanced Profiling
Arrival rate varied from 900 to 1017 per hour, in step 9.

Excel interface: graphs and spreadsheets.

17



M/M/n/K vs. Erlang-C

Average service time = 6 min, 100 agents, 150 trunks

400

w
(3]
o

w
(=3
o

N
34
o

-
(3
o

Average Speed of Answer (secs)
g

-
o

900 920 940 960 980 1000
Calls per Interval

‘-‘—MIMH 00/150 == M/M/100

Similar performance for light loads.

A
Erlang-C “explodes” as p = — T 1.

ny
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M/M/n/n (Erlang-B) aueue
A

1 4callcenters ¥2.01

T

A

2p

)‘iE

i =

i,

A

ny

0<i1<n—1,

1 <1< n.

File

Performance Profiler |

Table Settings Help

Staffing Query

=l ]

Advanced Profiling | Advanced QUErEs | What-if Anakysis |

Advanced The Advanced Profiling tool allows you to enter multiple values for each of the input parameters, and produces a
Proﬂling perfarmance profile for each combination of parameters.
Compute | & Addto Table | Delete Rows Clear All | Export | Sraph | Y Settings |
Input Range 100 -
multi-Yalue v
. Average Average  %Answer  Average
%ﬁ{:gswp;r Nyrr;rsltra]irsof O?Efpnatr?cy Tr_u_nks FoAnswer %Block Speed of within Clleue
Ltilized Ansiver Target Length
Results
1 400.0 100.0 87.6% are 97.3% 27% 00:00.0 100% a
2 910.0 100.0 88.2% 88.2 96.9% 3% 00:00.0 100% a
3 920.0 100.0 28.8% ag.e 96.5% 15% 00:00.0 100% A
4 930.0 100.0 89.3% 89.3 96.1% 3.9% 00:00.0 100% a
& 940.0 100.0 89.9% 89.9 95.6% 4.4% 00:00.0 100% a
B 950.0 100.0 90.4% 90.4 95.1% 4.9% 00:00.0 100% a
7 960.0 100.0 90.8% a0.8 94.6% 4% 00:00.0 100% A
g 970.0 100.0 91.3% 491.3 94.1% 5.9% 00:00.0 100% 0
O scoo]  100g) o1 100% 0|
10 990.0 100.0 921 93.0% T.0% 00:00.0 100% a Settings
11 1,000.0 100.0 924 92.4% 7.6% 00:00.0 100% a l:l
12 1,010.0 100.0 928 91.9% 21% 00:00.0 100% a PSS
13 1,020.0 100.0 931 91.3% 8.7% 00:00.0 100% a
14 1,030.0 100.0 934 0.7 % 9.3% 00:00.0 100% 0 l:l
- 15 A ndnn Annn na T N4 o NN an-nn n Anno r; _Iv Indicators
[Ready | Dami/2008 | 15346

Postart| (3 @ [ Brera. | e | p# wie., [ g acall. wtocal... | [@mieo.. | Fwico.. | B FQTE@ Y 1514

No queue = no walit.

T, =

Rz’
7!

n Rj

j=0 7

' J
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M/M/n/K vs. Erlang-B

Average service time = 6 min, 100 agents
40%

35%

30% -|
25% -
K4
[%]
g 20%
N

5% —
% ‘/ T T T T
900 1000 1100 1200 1300 1400

Calls per Interval

|——MI/M/100/150 ——M/M/100/100

Moderate load: additional trunks prevent blocking.
Heavy load: % blocking ~ 1 — 1/p ( “fluid limit”).

Erlang-B Formula (1917):
Loss probability

R" jn R
Evpy=m=— /> R
’ n! /= 7!
Follows from PASTA.
(2) valid for M/G/n/n! (Generally distributed service time.)

A, — rate of lost customers,
A(1 — m,) — effective throughput.

20



Erlang-B

computation: via recursion

REl,n—l . ,OEl,n—l

n -+ REl,n—l 1+ pELn_l L0
B (n — R)Egm _ B El,n .
 n—REy, e (L —p)+pEr,

> E,, as expected: why?

21



Schematic representation of a telephone
call center

lost calls
N agents
busy
retrials /®—
ACD C >
ival
VAR 5 H11213| quepe k/
retrials
abandonment
v returns
lost calls

How to model Abandonment?
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