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E
rlang-C

 (M
/M

/N
): # A

gents    

arrivals
queue
A

C
D
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E
rlang-B

 (M
/M

/N
/N

): # Trunks    

arrivals

agents

Lost C
alls

4
17

 “First N
ational C

ity B
ank O

perating G
roup” 

“B
y tradition, the m

ethod of m
eeting increased w

ork load in 

banking is to increase staff.  If an operation could be done at a 

rate of 80 transactions per day, and daily load increased by 80, 

then the m
anager in charge of that operation w

ould hire another 

person; it w
as taken for granted…

” (H
arvard C

ase) 

1:1 Staffing  -  C
lassical IE   (Erlang-C

) 

8 transactions per hour
�

E
(S) = 7:30 m

inutes (=M
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� /hr
N

 A
gents 

� = O
C
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L
q  = Q

ue 
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q  = A
SA
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         R
ough Perform

ance A
nalysis 

Peak 
10:00 – 10:30 a.m

., w
ith 100 agents 

 
 

400 calls 

 
 

3:45 m
inutes average service tim

e 

2 seconds A
SA

 (A
verage Speed of A

nsw
er) 
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ffered load
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 =

�
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     = 50 Erlangs 
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ccupancy

�
 = R

/N
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         R
ough Perform

ance A
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400 calls 
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O
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�
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    = 50/100 = 50%
 

�
Q

uality-D
riven O

peration   
(Light-Traffic) 

�
  C

lassical Q
ueueing Theory 

(M
/G

/N
 approxim

ations) 

A
bove:  R

 = 50,     N
  =    R

  +  50,
�

all served im
m

ediately.

R
ule of Thum

b:  N
  =



�

R
R

�
�

 ,
0



�

  service-grade. 
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Q
uality-driven: 100 agents, 50%

 utilization

�
 C

an increase offered load - by how
 m

uch?

E
rlang-C

 N
=100   E

(S) = 3:45 m
in

.

�/hr
�

E
(W

q ) = A
SA

%
 W

ait = 0  

800 
50%

 
0 

100%
 12
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 utilization

�
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A
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�

all delayed.

R
ule of Thum

b:  N
  =



� �

�
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C
hanging N
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1599 
102 

98.0%
 

1:24 
24%

 

1599 
105 

95.2%
0:23

50%

�
   N

ew
 R

ationalized O
peration

Efficiently driven, in the sense that  
O

C
C

 > 95%
;  

Q
uality-D

riven, 
 

    50%
 answ

ered im
m

ediately

Q
E

D
 R

egim
e = Q

uality- and E
fficiency-D

riven R
egim

e 

Econom
ies of Scale in a Frictionless Environm

ent 

A
bove:   R

 = 100,             N
 =  R

 +  5,            50%
 delayed. 

� Safety-Staffing     N
 = 
R

 + �
R
� ,

� > 0
.
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Q
ED

 Theorem
 (H

alfin-W
hitt, 1981)

C
onsider a sequence of  M

/M
/N

  m
odels,

N
=1,2,3,…

Then the follow
ing 3 points of view

 are equivalent: 

C
ustom

er
N

N
P

lim
{W

ait > 0} = 
,       0 < 

 < 1; 

Server
)

1(
lim

N
N

N
 , 

    0 < 
 < 

;

M
anager

R
R

N
  , 

     R
 E(S)   large; 

H
ere 

 
 

1

)
(

)
(

1
  , 

w
here   

)(
/)

(
  is the standard norm

al density/distribution. 

Extrem
es:

E
veryone w

aits: 
0

1
E

fficiency-driven

N
o one w

aits :
0

Q
uality-driven

19
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alfin-W
hitt D

elay Function P(
)

B
eta

A
lpha

20
25

� Safety-Staffing: Perform
ance

R
 =

�
�

 E(S) 
 

O
ffered load   (Erlangs) 

N
 = R

 + 
�

�
�

R
�

�
 = “service-grade”  > 0

= R
 +

�
�

safety-staffing

Expected Perform
ance: 

%
 D

elayed 
0

,
)

(
)

(
1

)
P(
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 Erlang-C

C
ongestion index   = E
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�� �
�� 




1

0
W

ait
E(S)

 W
ait 

A
SA

%
� � �

� � �





0

W
ait

T
(S)

E W
ait

�
	

T-
e

 
 

 
 

 TSF

Servers’ U
tilization = 

N
1

N R
�

�
�

  
 

 
O

ccupancy
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Q
E

D
  :  S

o
m

e In
tu

itio
n

 
       (A

ssu
m

e μ
 =

 1
)

M
/M

/N
: 

  W
N
 | W

N
 >

 0
N

d

1

1

N 1
m

ean
ex

p

N
W

N
 | W

N
 >

 0
)

ex
p
(

)
1(

N
ex

p
N

d

B
u
t w

h
y
   P

(W
N
 >
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) 

,     0
 <

 
 <

 1
   ? 
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M
/M
/N

(Erlang-C
)w
ith
M
any

Servers:
N

↑∞
     
 
 
 
 

                  
                   

                                  
                  

                 
 

    

 
 
 
 

                
                 

                                 
              

                 
 

 

                                                           Q
  

                                             Q
+
  

 
 

  0
 

 

  1
 

 N
-1

 

  N
 

 

  2
 

N
+

1

Q
(0

)
=

N
:

allservers
busy,no

queue.

R
ecall

E
2
,N

=

[
1

+
T

N
−
1
,N

T
N

,N
−
1 ]−

1

=

[
1

+
1−

ρ
N

ρ
N

E
1
,N

−
1 ]−

1

.

H
ere

T
N
−
1
,N

=
1

λ
N

E
1
,N

−
1 ∼

1

N
μ
×

h
(−

β
)/ √

N
∼

1
/
μ

h
(−

β
) √

N

w
hich

applies
as

√
N

(1−
ρ

N
)→

β
,−∞

<
β

<
∞

.

A
lso

T
N

,N
−
1
=

1

N
μ
(1−

ρ
N
)

∼
1
/
μ

β √
N

w
hich

applies
as

above,
butfor

0
<

β
<

∞
.

H
ence,

E
2
,N

∼ [
1

+
β

h
(−

β
) ]−

1,
assum

ing
β

>
0.

Q
ED
:

N
∼

R
+

β √
R

forsom
e

β,
0

<
β

<
∞

⇔
λ

N
∼

μ
N

−
β
μ √

N

⇔
ρ

N
∼

1−
β

√
N

,
nam

ely
lim

N
→

∞ √
N

(1−
ρ

N
)
=

β.

Theorem
(H

alfin-W
hitt,1981)Q

E
D

⇔
lim

N
→

∞
E

2
,N

=
[1

+
β

h
(−

β
) ]−

1.

623

√
N

√
N

T
1

T
N

T
N
−
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,N

T
1

T
N

,N
T

N
−
1
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R
ules of Thum

b: O
perational R

egim
es

 
   

R
 = 

�
�

 E(S)
units of w

ork per unit of tim
e (load) 

E
fficiency-driven  

 
 

 
(%

{W
ait > 0} 

1
�

00%
)

N
 = 


� �
�

R
 , 

 
 

0



�
service grade

Q
uality-driven   

 
  

       (%
{W

ait > 0} 
0

�
)

N
 = 


�
R

R
�

�
 , 

 
 

0



�

Q
E

D
 R

egim
e

 
 

 
(%

{W
ait > 0} 

)1
0

,
 

 
�

!
!

N
 = 
R

 + �
R
� , 

 
� > 0

� Safety-Staffing

D
eterm

ine R
egim

es (Strategy), Param
eters (Econom

ics)

Strategy:M
anagers, A

gents (U
nions), C

ustom
ers 

Econom
ics:M

inim
ize agent salaries + w

aiting cost 24
27

Strategy: Sustain R
egim

e under Pooling 

B
ase:

� = 300/hr, 
A

H
T = 5 m

in, 
N

 = 30 agents 

 
 

R
 = 

25
60 5

300
	

�
, 

O
C

C
 = 83.3%

 
A

SA
 = 15 sec 

1
25

/)
25

30
(

R
R

)/
(N

y
	

�
	

�
	

, 
P(1) = 22%

 

4
C

C
:

� = 1200, 
A

H
T = 5, 

R
 = 100;  

N
=?

Q
uality-D

riven: 
 

m
aintain  O

C
C

  at  83.3%
. 

N
 = 120,         A

SA
 = .5 sec,     y = (120 – 100)/10 = 2 

Efficiency-D
riven: 

m
aintain  A

SA
  at  15 sec. 

N
 = 107,         O

C
C

 = 95%
, 

y = 0.8 

Q
E

D
: 

 
 

 
m

aintain  %
{W

ait>0}) at 22%
  (y  at  1). 

N
 = 100 + 

100
1�

 = 110,   O
C

C
 = 91%

,   A
SA

 = 7 sec 

9
C

C
:

� = 2700, 
A

H
T = 5, 

R
 = 225 

     Q
: 

N
 = 270 

E: 
N

 = 233 

Q
E

D
: 

N
 = 225 + 

225
1�

 = 240,  O
C

C
 = 94%

,  A
SA

 = 4.7 sec 

25
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Strategy: Sustain R
egim

e under Pooling

See: W
hitt’s “H

ow
 m

ulti-server queues scale w
ith …

dem
and”

26

  Econom
ics: Q

uality vs. Efficiency

(D
im

ensioning: w
ith S. B

orst and M
. R

eim
an) 

Q
uality

D
(t)

delay cost 
(t= delay tim

e) 

Efficiency
C

(N
)

staffing cost (N
= # agents) 

O
ptim

ization:
N

*  m
inim

izes T
otal C

osts 

C
 >> D

 : 
Efficiency-driven

C
 << D

 : 
Q

uality-driven
C

  D
 : 

R
ationalized - Q

ED

Satisfization:  N
*  m

inim
al s.t. Service C

onstraint 

                E
g.   %

D
elayed <

 . 

1
  : 

Efficiency-driven
0

  : 
Q

uality-driven
0 < 

 < 1 : 
R

ationalized - Q
ED

Fram
ew

ork:
A

sym
ptotic theory of M

/M
/N

,
N

27
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         Econom
ics: 

� Safety-Staffing

O
ptim

al
N

*� R
 + y

*
"# $

%& 'c d
R

   w
here  

 
d  =  delay/w

aiting costs 

c  =  staffing costs 

   H
ere    y

*(r)
�

(
)

2
1

1
2

1

/

/
r

r
"# $

%& '
�

�
*

    , 
0 < r< 10 

 
 

 
      �

2
1

2
ln

2
/

r
"# $

%& '
*

   
     , 

r  large. 

Perform
ance m

easures:
� = y*

R
     safety staffing

P{W
ait > 0} �

P(y
*) =

1

1
�� �� �

� �� 

�

)
y(

)
y(

y
* *

*� �
       E

rlang-C
 

TSF  = P
� � �

� � �





0

W
ait

T
(S)

E W
ait

  = e
-T�

A
SA

 = E
�� �

�� 




0
W

ait
(S)

E W
ait

             = � 1

O
ccupancy

               = 1
N y

1
N

*
�

�
�

�

28
35

Square-R
oot Safety Staffing: 

R
r

y
R

N
)

( *
�

	
         r = cost of delay / cost of staffing 
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),
( *
r

y
   r = cost of delay / cost of staffing 

 30
39

R
ules-of-Thum

b in an "Erlang-C
 W

orld"

R
 = O

ffered L
oad   (not sm

all)

Efficiency-D
riven:  

 
N

 = R
 + 2 

(or 3, or…
); 

Expect that essentially all custom
ers are delayed in queue, that 

average delay is about 1/2 (or 1/3, or…
) average service-tim

e, 

and that agents utilization is extrem
ely high (close to 100%

).

Q
uality-D

riven:   
 

N
 = R

 + (10%
 - 20%

) R
 

Expect essentially no delays of custom
ers. 

Q
E

D
:  

 
 

 
 

N
 = R

 + 0.5
R

Expect that about half of the custom
ers are not delayed in 

queue, that average delay is about one-order less than average 

service-tim
e (seconds vs. m

inutes), and that agents utilization is 

high (90-95%
).

C
an determ

ine regim
e scientifically: 

Strategy:R
etain perform

ance levels under Pooling (4C
C

 dem
o)

Econom
ics: M

inim
ize agent salaries + congestion cost, or 

Satisfization: Least N
um

ber of A
gents s.t. C

onstraints
33
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Scenario A
nalysis: 80:20 R

ule (Large C
all C

enter)

Prevalent std: at least 80%
 custom

ers w
ait less than 20 sec.

Form
ally: 

 %
(W

ait > 20 sec.) < 0.2 

+
B

ase C
ase: 

100
	

�
 calls per m

in (avg) 
 

 
 

 
M

 = 4 m
in. service tim

e (avg) 
 

 
 

     
R

  = 400  Erlangs offered load (large) 

y
*(c d

) = 0.53,          by  %
{W

ait > 20 sec.} = P(y
*)e

-1.67y* = 0.2 

H
ence: 

N
* = 400 + 0.53 

400 = 411,    by 
� safety-staffing 

A
nd

c d
  =  (y

*) -1 (0.53) = 0.32, 
        by inverting  y

*

Low
 valuation of custom

ers’ tim
e, at 3 1 of servers’ tim

e, yet 

reasonable 80:20 perform
ance?  enabled by scale!

+
W

hat if
c d

= 5 ?  

N
* = 429 agents    

 
 

 
 

(vs. 411 before) 

A
gents’ accessibility (idelness) = 7%

 
(vs. 3%

 before) 

H
ence, 1 out of 100 w

aits over 20 sec. 
(vs. 1 out of 5) 
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 80:20 R
ule 
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Scenario A
nalysis: “R

easonable” Service Level ?

Theory:    The least  N
  that guarantees %

{W
ait > 0} < ,

  is 
close to      

R
)

(
P

R
N

1-
*

,
�

	
    (again 

� safety-staffing). 

Exam
ple:

�
 = 1,800 calls at peak hour  

(avg) 

 
 

 
M

 = 4 m
in. service tim

e  
(avg) 

 
       

R
 = 1800 

120
60 4

	
�

   Erlangs offered-load 

Service level constraint: 1 out of 100 delayed (avg), nam
ely 

99%
 answ

ered im
m

ediately.

146
120

38
.2

120
R

(0.01)
P

R
N

1-
*

	
�

	
�

	
�

 agents 

75
)

38
.2

(
)

(
c

1
*

	
	

�
�

y
d

:
very high service index

V
aluation of custom

ers’ tim
e as being w

orth 75-fold of agents’ 

tim
e seem

s reasonable only in extrem
e circum

stances:

+
C

heap servers  (IV
R

) 

+
C

ostly delays  (Em
ergency) 

N
ote : Satisfization easier to m

odel but C
osts easier to grasp.
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 Satisfization easier to m
odel but C

osts easier to
grasp.


