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Multi-Skill Call-Centers

Main Operational Issues (Given a Forecast of Workload):

• Design - Long Term

• Staffing - Short Term

• Routing - Real time

Very Complex: Hence treated hierarchically and unilaterally.
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The Joint Staffing and Control Problem:

How many servers to use (staffing)

and how to match them with customers (control)

so as to minimize staffing + holding costs

subject to service level constraints.

minimize c1λ1EW1 + ... + cJλJEWJ + N

subject to Pπ(Wi > 0) ≤ αi, i = 1, ..., J

N ∈ Z+, π ∈ Π



The V -Design: Motivation
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Customer population heterogeneity occurs naturally:

• multilingual

• different needs (new account, billing questions, etc.),

• business vs. private consumer

or as a marketing tool:

• Willingness to pay (first vs. economy class)

• Frequency of use (frequent flyer)

• Business Potential (grandparents club)



The V -Design: Motivation

Two conflicting goals: Marketing -

• Deliver on promised quality of service,

• Provide service expertise,

• Prioritize revenue generating customers,

vs. Operations -

• High server efficiency,

• Low operating costs,

• Cross-training.

Question: Can these two goals be consolidated?

Answer: Yes! In large systems, fully flexible servers can provide high

and differentiated quality of service with high server efficiencies.

Asymptotic Framework: Quality and Efficiency Driven (QED) regime.



Talk Outline

1. Background

2. Model Formulation

3. SRSS and TP policies

4. Asymptotic Optimality

5. Discussion and Conclusions
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QED and the I-design

Theorem (Halfin-Whitt, 1981):

Consider a sequence of M/M/N models, N = 1,2,3, ...

Then the following 3 points of view are equivalent:

• Customer: limN→∞ PN{Wait > 0} = α, 0 < α < 1;

• Server: limN→∞
√

N (1− ρN) = β, 0 < β < ∞;

• Manager: N ≈ R + β
√

R , R = λ/µ large.

Here α =
[
1 + βΦ(β)

φ(β)

]−1
, where Φ(·)/φ(·) is the standard normal

distribution / density.

Extremes:

Everyone waits: α = 1 ⇔ β ≤ 0 Efficiency-driven

No one waits: α = 0 ⇔ β = ∞ Quality-driven



Staffing and the I-design:
√· Safety-Staffing (SRSS)

Borst, Mandelbaum & Reiman (’02)

Quality C (t) delay cost (t = delay time).

Efficiency S (N) staffing cost (N = # agents)

Assume S(N) ≡ N

Optimization: N∗ that minimizes total costs

• C << 1: Efficiency-driven N ≈ R + γ

• C >> 1: Quality-driven N ≈ R + δR

• C ≈ 1: QED N ≈ R + β
√

R

Satisfization: N∗ that minimizes staffing costs s.t. delay constraints.

Here: N∗ that is minimal s.t. P(Wait > 0) ≤ α.

• α ≈ 1 : Efficiency-driven N ≈ R + γ

• α ≈ 0 : Quality-driven N ≈ R + δR

• 0 < α < 1 : QED N ≈ R + β
√

R

Framework: Asymptotic theory of M/M/N, N ↑ ∞.



The V -Design
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- J customer classes: arrivals Poisson(λj).

- N iid servers: service durations Exp(µ)

- Staffing and Control Problem:

minimize c1λ1EW1 + ... + cJλJEWJ + N

subject to Pπ(Wi > 0) ≤ αi, i = 1, ..., J

N ∈ Z+, π ∈ Π

Assumptions:

α1 ≤ α2 ≤ ... ≤ αJ ,

c1 ≥ c2 ≥ ... ≥ cJ .

Remarks:

- A pure cost minimization problem: αi = 1 for all i = 1, ..., J .

- A constraint satisfaction problem: ci = 0 for all i = 1, ..., J .



Staffing and Control Proposals

Staffing: Square-Root Safety-Staffing (SRSS)

N = R + β
√

R, β > 0

Control: Threshold-Priorities (TP): Serve class j if

1) All higher priority queues are empty, and

2) the number of idle servers exceeds the threshold Kj.

Priorities: 1 > 2 > ... > J ,

Thresholds: K1 ≤ K2 ≤ ... ≤ KJ .

Question: What are the values of β and K1, ..., KJ?

Answer:

• β is a function of cJ and αJ only.

• Thresholds are O(logR) and are a function of all system pa-

rameters.

Remark: Thresholds are NOT a function of system state.



Service-Level Differentiation

Two Class Example:

Threshold K ∼ P{W N
1 > 0} ∼ P{W N

2 > 0}

a α(β) · ρa
1 α(β)

b lnN α(β)ρb lnN
1 α(β)

c
√

N, c < β α(β − c) · ρc
√

N
1 α(β − c)

In all cases E[W1|W1 > 0] = Θ( 1
N
) and

E[W2|W2 > 0] = Θ( 1√
N
).

Without threshold (a = 0), both classes enjoy QED service with the

same delay probability.

As the threshold increases, differentiation of service level increases

as well, which is manifested through the delay probabilities (but not

through average delays).

Example: Logarithmic thresholds improve dramatically the accessi-

bility of high-priority and, at the same time, are not hurting the low-

priority (who are still QED-served).



Asymptotic Framework

Consider a sequence of systems indexed by r = R→∞.

The rth Staffing and Control Problem is:

minimize cr
1λ

r
1EW r

1 + ... + cr
Jλr

JEW r
J + N r

subject to Pπr(W r
i > 0) ≤ αr

i , i = 1, ..., J

N r ∈ Z+, πr ∈ Πr

Assumptions:

• cr
i = cirγi, γi ≥ 0, i = 1,2, ..., J − 1,

• αr
i = αir−δi, δi ≥ 0, 1 = 1,2, ..., J − 1,

• cr
J = cJ and αr

J = αJ .

Definitions:

• Asymptotic Feasibility: lim supr→∞
Pπr(W r

i >0)
αr

i

≤ 1.

• Asymptotic Optimality: Asymptotic feasibility +

lim sup
r→∞

Cr(N r, πr)−R

Cr(N ′r, π′r)−R
≤ 1,

for all asymptotically feasible {(N ′r, π′r)}.



Asymptotic Optimality of SRSS and TP

Assumption: Class J is non-negligible

lim inf
r→∞

λr
J

λr
> 0.

Theorem: SRSS and TP are asymptotically optimal with:

N∗r = R + β(αJ , cJ)
√

R

(determined by lowest priority J), and

The thresholds Kr
1 < Kr

2 < . . . < Kr
J are given by

Kr
j −Kr

j−1 =
lnα∗rj−1−lnα∗rj

ln ρr
≤j−1

, j = 2, . . . J ,

Kr
1 = 1;

where α∗rj = f(αr
j , γj),

and ρr≤j−1 =
∑j−1

k=1 λr
k/(µN∗r)

Note: If αr
j ↓ 0 or cr

j ↑ ∞ polynomially with r,

then Kr
j ↑ ∞ as ln r



Properties of the Solution

1) The joint staffing and control problem is decomposed
into two separate problems.

2) The staffing is based on R and the low priority
parameters: αJ and cJ only.

3) Service differentiation is obtained through a careful
selection of the thresholds.

4) The QED regime is obtained as a solution rather
than an assumption.

5) State-Space Collapse of class level queue lengths.

6) Performance approximations based on diffusion limits.

Implications of 2)

- Only aggregate demand forecasts are needed.

- When service is being outsourced multidimensional
signalling of demand reduces to 1-dimension.



Corollary: cµ -rule

Corollary: If αr
1 = ...αr

J = 1 for all r and cr
i is indepen-

dent of r, i = 1, ..., J , then the cµ rule is asymptotically

optimal.



Adding Abandonment

Class i with patience parameter 0 < θi < ∞.

Assume N = R + β
√

R

Cost minimization: π that minimizes total costs

J∑

i=1

ciλiPπ{Abi}

Note: This is equivalent to Profit Maximization.

Assumptions:

1) Costs and Impatience follow the same order:

c1 ≥ c2 ≥ ... ≥ cJ and θ1 ≥ θ2 ≥ ... ≥ θJ .

2) Non-negligibility of class J : lim infλ→∞
λJ
λ > 0

Then TP is an asymptotically optimal control

- static priority 1 > 2 > . . . > J

- with logarithmic thresholds



Adding Abandonment (cont)

Constraint Satisfaction: Find N∗ and π∗ that minimizes

staffing costs s.t. abandonment probability constraints.

minimize N

subject to Pπ{Abi} ≤ ηi, i = 1, ..., J

N ∈ Z+, π ∈ Π

Assumption: ηi are constant (do not change with R).

Optimal Solution:

Server pool decomposition: Ni = λi
µi

(1− ηi).

Allow ηi to scale with R - Solution not trivial.



Summary of Results

1. Square-Root Safety-Staffing and Threshold Priority control are

asymptotically optimal and robust.

2. Staffing is based on aggregate demand and low priority delay

and cost parameters only.

3. Service level differentiation obtained through threshold selec-

tion.

4. Performance approximations allow to evaluate the costs and

benefits of cross-training.

5. The QED regime is obtained as a solution rather than an as-

sumption.

Extensions (future research)

• The general abandonment model.

• Combine with the ∧-design to study the N-design.


