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Emergency Department (ED) in Rambam Hospital
I Rambam Hospital is the largest hospital in northern Israel;

I The ED has 40 beds; 245 patients arriving daily;

I Patients: New vs. Work In Process (WIP);
I Canadian triage system:

• New (triage) patients are classified into 5 clinical classes:

◦ Resuscitation; Emergent; Urgent; Less Urgent; Non-urgent;

• Result in several classes of WIP patients;

I Existing scheduling policy (static priority);Patient Flow in Emergency Departments (EDs)
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I ED is blocked, long sojourn time (with mean 4.5 hours, 10%

over 6 hours);
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Research Questions

I Objective of the project:

• Design new scheduling policy within present triage system;

◦ New: Pre-specified requirements on time till first examination

– Clinical;

◦ WIP: Push them out as soon as possible – Operational;

• How do we make the tradeoff between clinical and

operational considerations?

◦ Minimize the congestion;

◦ Subject to the deadline constraints;

I Achievement:

• A “nearly” optimal and implementable dynamic scheduling

policy;
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A Good Hospital in ChinaQueueing in a “Good" Hospital
Tong-ren Hospital at 6am, Beijing

23
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Emergency Departments in China

1/29/13 卫生部拟将急诊分三区 病人按病情分四级_时政频道_新华网
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沃尔沃S60力发千钧

复旦台大双学位EMBA

巴黎大学在职博士

 新华时政 > 正文 内容推荐：

及罚金问题 网上八个传言均有误   · 多名专家建言官员财产公示 如何监
控灰色收入 
 · 富婆环卫工：人不能被钱砸倒，更不能被钱压倒    · 公积金百倍差距怎

卫生部拟将急诊分三区 病人按病情分四级

2011年09月07日 08:55:01　来源： 人民日报 【字号 大小】【收藏】【打印】【关闭】 分享到新华微博

　　卫生部日前公布《急诊病人病情分级试点指导原则（征求意见稿）》。卫生部拟将急诊

科从功能结构上分为红黄绿“三区”，将病人的病情分为“四级”，从而提高急诊病人分诊

准确率，保障急诊病人医疗安全。

　　征求意见稿提出，急诊病人病情的严重程度决定病人就诊及处置的优先次序。急诊病人

病情分级不仅仅是给病人排序，而且要分流病人，使病人在合适的时间去合适的区域获得恰

当的诊疗。

　　病人病情评估结果分为四级：一级是濒危病人，二级是危重病人，三级是急症病人，四

级是非急症病人。

　　濒危病人是指病情可能随时危及病人生命，需立即采取挽救生命的干预措施，急诊科应

合理分配人力和医疗资源进行抢救。临床上出现下列情况要考虑为濒危病人：气管插管病

人、无呼吸或无脉搏病人、急性意识障碍病人以及其他需要采取挽救生命干预措施病人。这

类病人应立即送入急诊抢救室。

　　危重病人是指病情有可能在短时间内进展至一级，或可能导致严重致残者，应尽快安排

接诊，并给予病人相应处置及治疗。病人来诊时呼吸循环状况尚稳定，但其症状的严重性需

要很早就引起重视，病人有可能发展为一级，如急性意识模糊或定向力障碍、复合伤、心绞

痛等。急诊科需要立即给这类病人提供平车和必要的监护设备。严重影响病人自身舒适感的

主诉，如严重疼痛，也属于该级别。

　　急症病人是指病人目前明确没有在短时间内危及生命或严重致残的征象，应在一定的时

间段内安排病人就诊。病人病情进展为严重疾病和出现严重并发症的可能性很低，也无严重

影响病人舒适性的不适，但需要急诊处理缓解病人症状。在留观和候诊过程中出现生命体征

异常者，病情分级应考虑上调一级。

　　非急症病人是指病人目前没有急性发病症状，无或很少不适主诉，且临床判断需要很少

急诊医疗资源的病人。

　　急诊诊治区域分为三大区域：红区、黄区和绿区。红区即抢救监护区，适用于一级和二

级病人处置。黄区即密切观察诊疗区，适用于三级病人，原则上按照时间顺序处置病人，当

出现病情变化或分诊护士认为有必要时可考虑提前应诊，病情恶化的病人应被立即送入红

区。绿区即四级病人诊疗区。（记者白剑峰）

分享到： 新华微博

搜索更多 四级 急诊病人 的新闻

高血压-警惕突发猝死- 海藻科技成果破解难题

乙肝转阴--不打针不吃药--可自愈！

【牛皮癣-银屑病】-2013中医妙招-治疗有保障

高分作文有捷径－“模”法作文，直取高分

学习用好灯-预防近视-提高视力-护眼又护脑

茶农铁观音产地秋茶惊爆价格，先验货再付款

新闻 网页 搜索 ( 编辑： 张雪花 )

时政 国际 财经 社文

张学友与央视发布联合声明 决定放弃上蛇年春晚

站在改革开放新的起点上——写在中国入世十周

年之际

新闻分析：央行缘何3年来首次下调存款准备金率

增值税扩围试点行业和税率敲定

小微企业再减负 3年免征部分行政事业性收费

湾仔码头等名牌速冻食品菌超标遭工商查处

借壳上市标准严了 股民还能掘金"ST"吗

火电无钱买煤无奈停产 电价上调或在明年

美挟TPP强势"返亚" 意欲撬动亚太格局

今日财经报摘:美国会借口国家安全调查华为

热点图片1 热点图片2 趣图

爆笑！当狗狗不想再当狗

狗

各路广告美女爆红网络

时间把美容刀 看明星今昔

照对比

登对哦！盘点最养眼荧幕

情侣

常熟海虞裁布机技术领先

对各种曲线弧度完美裁剪.技术领先. 方便快捷,低成

本.电话:

w w w .hytbc.com

汉高免钉胶-超级建筑粘合剂

减少使用钉子的需要 填充缝隙的粘合剂， 水基粘合

剂：低VO

w w w .lepage.com.cn

怀旧油画

抽象油画

阳绿手镯

工笔国画

富贵石榴

阳绿如意

翡翠戒面

缅甸天然A货翡翠阳绿玉如意

·糖尿病人降糖、稳糖、长寿秘诀曝光-引疯抢!

·男人前列腺“炎”尿频、尿急—自愈绝招(图)

·推荐：孩子要想学习好就要速商高-学习更高效

I In 2011, the MOH of China proposed to introduce a triage

system to manage EDs;

• Improve the quality of care (safety of patients);

I Patients are classified into 4 levels according to their severity;

I A natural problem is how to schedule the patients;
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Emergency Departments in the United States

I ED environment has become more crowded (waiting time

increased by 25% (46.5 to 58.1 mins), from 2003 to 2009);

I The need for the tradeoff becomes more pronounced;
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Patient Flow in Emergency Departments (EDs)
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Patient Flow in Emergency Departments (EDs)
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1. Multiclasses

2. Non trivial scheduling

rule

3. ...
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Complexities and the State of the Arts

I Many simulation-based studies;

I Few analytical models;

I An analytical model:

• Manage patient flow in an ED, from a queueing-theory

perspective;

• Capture the most important features (what are they?);
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What Are the Most Important Features?
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Example: The ED in Rambam Hospital

I Feedback

• Empirical analysis shows, on average, each patient visits the

physician for at least 3 times;

I Deadlines on time-till-first-treatment:

• Canadian Triage System – patients are classified into 5 levels:

◦ Resuscitation (Immediate);

◦ Emergent (15 mins); Urgent (30 mins); Less Urgent (60

mins); Non-urgent (120 mins);

I Congestion costs:

• Waiting costs; clinical costs; emotional costs; psychological

costs; others (long waits increase the probability of disaster);
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Example: The ED in Rambam Hospital

69 
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Figure 24: Cost for all patients, emphasizing admitted and discharged 
differences. 

Note that the service policy algorithm uses configured cost functions. Thus, the ED 

manager is able to easily change them in order to meet desired performance indicators. 

7.1.5 The PTN Simulation Model 

The PTN simulation model is based on a queueing network, following the model 

illustrated in Figure 19.  The queues are organized into a two-dimensional structure. The 

first dimension indicates the triage level; the second dimension indicates the patient's 

encounter number with a physician. The scheduling algorithm selects a patient from the 

appropriate queue and transfers her to the next queue after the treatment and latent 

time, or out of the queueing system after treatment time in the case of a patient's last 

encounter. 

Most scheduling algorithms use FCFS within queues. Our simulation is able to simulate 

service policies that take individual identities into account, e.g., in situations in which 

cost function is complex, and to prioritize patients by calculating their waiting cost 

within the ED. 

Service times and latent times are taken as is from the input plan. Our simulation is able 

to take arrival time from the input or to generate the arrival times based on known 

process distributions, such as the Poisson process.  

The simulation simulates a physician pool with a configured number of physicians. Each 

physician spends time treating a patient, but physicians may also spend a configured 

amount of time in additional work, e.g., filling out treatment orders and discharge 

Sojourn Time (mins)

Cost

• Triage class (3); age (4); decision after treatments (2);

• Triage class 3 (urgent), Age>75, Discharged;
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Two ED Models

Queue Length Model Sojourn Time Model

Congestion Cost Queue Length Sojourn Time

WIP Transition Markovian Deterministic
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Queue length at time t: Qk(t), incur queueing (holding) cost
at rate Ck(Qk(t)); the total cost rate:

∑
k∈K Ck(Qk(t)).
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Problem Formulation:

I Constrained optimization problem: for any T > 0,

min
π∈Π

∫ T

0

∑
k∈K

Ck(Qπ
k (s))ds

s.t. τπj (t) ≤ dj , ∀j ∈ J and 0 ≤ t ≤ T .
I Example:

• Linear holding cost:

C1(x) = 2x ⇒
∫ T

0

C1(Q1(t))dt = 2

∫ T

0

Q1(t)dt;

• τ3(t) ≤ 30, τ4(t) ≤ 60, τ5(t) ≤ 120;

I Infeasibility: τj , j ∈ J random, dj deterministic;

I Asymptotic framework:

• relax: “feasibility” → “asymptotical compliance (feasibility)”;

• relax: “optimality” → “asymptotical optimality”.
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Main Result

Main Result

Identified a scheduling policy that is “nearly” optimal when the

system is heavily loaded.

I The rigorous meaning of “nearly optimal” will be defined in

the asymptotic framework;

I Heavily loaded system:

• Intuitive: Arrival rate ≈ service capacity;

• Rigorous: Traffic intensity ρ = 1
S

∑
j∈J λjm

e
j ≈ 1.

• Realistic: Crowded ED environment;

I What is the structure of the scheduling policy?
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Queue Length Model – Scheduling Policy

?
Triage or WIP?
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Queue Length Model – Scheduling Policy
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(τ1(t) ≥ d1 − ε)

argmaxj∈J
τj (t)
dj

�
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S
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An Example:

Deadlines (dj) 30 60 120

Ages (τj) 15 20 50

τj/dj 0.5 0.33 0.42

22 / 43



Queue Length Model – Scheduling Policy

��
��

�
�
���

�
���
A
AAK

HH
HH

HHY

66 66

-

WIP-Patients
(τ1(t) < d1 − ε)

argmaxk∈K
C ′
k (Qk (t))
me

k

�

@@I
?

Exits
S

C1(·) C2(·) C3(·) CK (·)

m1 m2 m3 mK

· · ·

22 / 43



Queue Length Model – Scheduling Policy

��
��

�
�
���

�
���
A
AAK

HH
HH

HHY

66 66

-

WIP-Patients
(τ1(t) < d1 − ε)

argmaxk∈K
C ′
k (Qk (t))
me

k

�

@@I
?

w.p.1 - l1 - l2 - l3 -
me

1 = m1 + m2 + m3

Exits
S

C1(·) C2(·) C3(·) CK (·)

m1 m2 m3 mK

· · ·

22 / 43



Queue Length Model – Scheduling Policy

��
��

�
�
���

�
���
A
AAK

HH
HH

HHY

66 66

-

WIP-Patients
(τ1(t) < d1 − ε)

argmaxk∈K
C ′
k (Qk (t))
me

k

�

@@I
?

Klimov’s model

@
@R

modified Gcµ-rule

?

Exits
S

C1(·) C2(·) C3(·) CK (·)

m1 m2 m3 mK

· · ·

Surprising: a “Gcµ”-rule for Klimov’s model!
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Effective Mean Service Time

I Effective mean service time of a patient is the expectation

of the total potential service requirement of that patient after

entering into that class;

I An example:

- l10.4
��* l3 - l5 -0.6
HHj

l2 - l4 -

me
1 = m1 + 0.4me

2 + 0.6me
3

I Me = (me
k)k∈K of WIP patients1:

Me = M + PMe ⇒ Me = [I − P]−1M;

I Me
J = (me

j )j∈J of Triage patients:

Me
J = MJ + PJKMe ;

1MJ = (mj)j∈J ,PJK = [P0
jk ],M = (mk)k∈K,P = [Pkl ];
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Sojourn-Time Model

I Deadline constraints on triage patients do not change;

I For WIP visits, each patient has a deterministic routing

vector;

• Realistic: blood test → X-ray → ECG → ...;

I C0: the starting classes of any route;

I Ck : all classes on a route starting with k ∈ C0;

I
⋃

k∈C0
Ck\{k}: subsequent classes;

- l2 - l4 - l6 - C2 = {2, 4, 6}
- l1 - l3 - l5 - C1 = {1, 3, 5}

ω2 + ω4 + ω6
I Congestion cost:

S(t) :=
∑
k∈C0

Ek (t)∑
i=1

Ck

∑
k ′∈Ck

ωk ′(i)

 ;
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Sojourn Time Model – Structure
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Sojourn Time Model – Scheduling Policy

��
��

S

? ? · · · ?

@
@
@@R

C
C
CCW

�
�

��	

τ1(t) τ2(t) τJ(t)

· · ·d1 d2 dJ

�
�
���

6C1(·)
�
���

6C2(·)
A
AAK

6
· · · H
HH

HH
HY

6

m1 m2 m3 mK

Pjk -

Triage-Patients

WIP-Patients

Exits

Arrivals

27 / 43



Sojourn Time Model – Scheduling Policy

��
��

S

? ? · · · ?

@
@
@@R

C
C
CCW

�
�

��	

τ1(t) τ2(t) τJ(t)

· · ·d1 d2 dJ

�
�
���

6

C1(·)

�
���

6

C2(·)

A
AAK

6
· · · H
HH

HH
HY

6

Pjk

-

Triage-Patients
(τ1(t) ≥ d1 − ε)

WIP-Patients
(τ1(t) < d1 − ε)

Exits

Arrivals

27 / 43



Sojourn Time Model – Scheduling Policy

��
��

S

? ? · · · ?

@
@
@@R

C
C
CCW

�
�

��	

τ1(t) τ2(t) τJ(t)

· · ·d1 d2 dJ

-

Triage-Patients
(τ1(t) ≥ d1 − ε)

argmaxj∈J
τj (t)
dj

�

Exits

Arrivals

27 / 43



Sojourn Time Model – Scheduling Policy

��
��

S

�
�
���

6C1(·)
�
���

6C2(·)
A
AAK

6
· · · H
HH

HH
HY

6

m1 m2 m3 mK

Pjk

-

WIP-Patients
(τ1(t) < d1 − ε)

Exits

27 / 43



Sojourn Time Model – Scheduling Policy

��
��

S

�
�
���

6C1(·)
�
���

6C2(·)
A
AAK

6
· · · H
HH

HH
HY

6

m1 m2 m3 mK

Subsequent classes

J
J
J
J
JJ]

Pjk

-

WIP-Patients
(τ1(t) < d1 − ε)

Exits

27 / 43



Sojourn Time Model – Scheduling Policy
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Interim Summary

I Analyze the emergency departments;

• Capture the tradeoff between triage- vs. WIP-patients;

I Build two queueing models;

• Queue Length Model;

• Sojourn Time Model;

I Provide good and implementable scheduling policies;

Table : Comparison of Two Models

Queue Length Model Sojourn Time Model

Congestion Cost Queue Length Sojourn Time

WIP Transition Markovian Deterministic

WIP Policy Queue Length Age
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An ED Case Study: Value of Information

I Data is from ED in Rambam; sojourn time model;

# WIP visits 1 2 3 4 5

Proportion 0.28 0.30 0.28 0.11 0.03

A & D Status Admitted Discharged

Proportion/Cost function 0.40, t2 0.60, 2t2

I Is it worthy to estimate these two kinds of information upon a

patient’s arrival?

I Patients are classified into different classes according to the

availability of these two kinds of information:

Case 1 Case 2 Case 3

# WIP visits N Y Y

A & D Status N N Y

Congestion Cost Benchmark ⇓18.01% ⇓26.8%

I Good news: A well trained nurse can estimate both kinds of

information very accurately!
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Intuition for the Queue Length Model

I A(t): total potential service requirement brought into the ED;

I T (t): amount of service requirement has been served;

I W (t) = A(t)− T (t): total potential service requirement left:

• minimized by work-conserving policy;

• invariant to any work-conserving policy;

• conditional on the queue length processes,

W (t) ≈
∑
j∈J

me
j × Qj(t) +

∑
k∈K

me
k × Qk(t)

I As a result,
∑

j∈J me
j × Qj(t) +

∑
k∈Kme

k × Qk(t) is

minimized and invariant to any work-conserving policy;
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Intuition on the Policy

min
∑

k∈K Ck(Qk(t))
Myopic

s.t. τj(t) ≤ dj , j ∈ J ;
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Intuition on the Policy

min
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k∈K Ck(Qk(t))

s.t. τj(t) ≤ dj , j ∈ J ;∑
k∈Kme

k × Qk(t) +
∑

j∈J me
j × Qj(t) ≈W (t);
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Intuition on the Policy

min
∑

k∈K Ck(Qk(t))
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k∈Kme
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Intuition on the Policy

min
∑

k∈K Ck(Qk(t))

s.t. ∑
k∈Kme

k × Qk(t) ≈ (W (t)−∑j∈J λjdjm
e
j )+

?

KKT

C ′
k (Qk (t))
me

k
=

C ′
k′ (Qk′ (t))

me
k′

“Gcµ”-rule
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Analysis – Asymptotic Framework

What is “nearly optimal”?
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Asymptotic Framework

I A sequence of systems, indexed by r ↑ ∞ :

I Arrival rate for class j triage patients λrj → λj > 0, j ∈ J ;

I Service requirement & routing behavior do not change;

I Traffic intensity: ρr =
∑

j∈J λ
r
j me

j ;

I (Conventional) heavy traffic condition: there exists a β ∈ R,

r(ρr − 1)→ β, as r →∞.

I A family of control policies {πr} is called asymptotically

compliant (feasible) if for any fixed T > 0, as r →∞,

sup
0≤t≤T

[
τ̂ rj (t)−

d r
j

r

]+

⇒ 0, j ∈ J .

τ̂ rj (t) := 1
r τ

r
j (r 2t) – diffusion scaled age processes w.r.t {πr}.
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Asymptotic Optimization
I Diffusion scaled queue length processes:

Q̂r
k(t) =

1

r
Qr

k(r 2t), k ∈ K.
I Cumulative queueing cost:

U r (t) :=

∫ t

0

∑
k∈K

Ck

(
Q̂r

k(s)
)

ds.

I A family of control policies {πr∗} is said to be asymptotically

optimal if
I it is asymptotically compliant and

I it stochastically minimizes the cumulative cost:

lim sup
r→∞

U r
∗(t) ≤s.t. lim inf

r→∞
U r (t),

{U r
∗} – queueing cost corresponding to {πr

∗};
{U r} – corresponding to any asymptotically compliant policies.

The proposed family of control policies is asymptotically optimal.
36 / 43



A Roadmap for the Proofs

I There is a lower bound for any asymptotically compliant

family of policies;

I The proposed family of scheduling policies achieves the lower

bound;

• State-Space-Collapse (SSC);
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Conclusions – Contributions

I Practical: model and analyze the control of patient flow in

EDs:

• Give rise to insightful and implementable scheduling policies;

• Capture the tradeoff between triage- vs. WIP-patients;

• Enable analysis of the value of information in a real ED setup.

I Theoretical: analyze multiclass queueing systems with

feedback:

• Prove the conjecture in Mandelbaum and Stolyar (OR, 2004),

improve upon it with simpler asymptotically optimal policies;

• Gcµ rule for Klimov’s model with convex costs (queue length,

individual waiting times and cumulative sojourn times);

• Analyze multiclass queueing systems with feedback, under any

work-conserving policy;
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Future DirectionsPatient Flow in Emergency Departments (EDs)

Arrivals

?
Triage

!!
!!
!

?
�
�

? · · ·
@
@

?

Physicians

aaaaaaaaaj

HHHHHHHHj

S
S
SSw

-Examinations

?

�
�
��


?

�
�

��	

· · · ?
���������

?
Disposition
�
�
�=

Hospital

Z
Z
Z~

Home

2 / 30

I Other features:
• Time varying arrival rate;
• Adding delays between transfers;
• Adding global constraint on sojourn times;
• Adding abandonment (LWBS, LAMA);

20 ARMONY ET AL.

of patients (avgL) is about 20 and varies from 0 to 40; (2) From 12:00 until
22:00, where avgL is about 45 and it varies from 0 to 90; and (3) The rest
of the day (09:00-12:00, 22:00-02:00), when the distribution shifts from one
group to the other.

Aligning avgL and λ (the arrival rate of patients to the ED) together in
Figure 11, reveals a time-lag between arrivals and load, which is common in
many service systems4. As an aside, notice that the arrival rate may vary
significantly over a period of several hours, which is the typical LOS of a
patient in the ED (recall that average LOS is 4.5 hours). This is precisely the
reason why the ED occupancy process may not be described as a piecewise
stationary process.
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Fig 11. Average number of patients and arrival rate by hour of the day

The time-varying evolution of L(t) has prompted researchers to explore
the question of how to stabilize ED performance measures such as wait-
ing times, either via adaptive staffing (Green et al. (2006); Yom-Tov and
Mandelbaum (2011); Zeltyn et al. (2011)), or via admission control, that is,
controlling the arrival rate, for example, by applying ambulance diversion
policies (Hagtvedt et al. (2009)). Most of these works apply simple queueing

4The time-lag between arrival rate and occupancy has significant influence on staffing,
as was discussed in Green, Kolesar and Whitt (2007) and Feldman et al. (2008).
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Thank You!

Questions?
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Intuition on the Policy

min
∑

k∈K Ck(Qk(t))

s.t. τj(t) ≤ dj , j ∈ J ;
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