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Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time

2 seconds ASA (Average Speed of Answer)



Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time
2 seconds ASA

Offered load R= L x E(S)

=400 x 3:45 = 1500 min./30 min.
= 50 Erlangs

Occupancy p =R/N
= 50/100 = 50%



Rough Performance Analysis

Peak  10:00 —10:30 a.m., with 100 agents
400 calls
3:45 minutes average service time
2 seconds ASA

Offered load R= L x E(S)

=400 x 3:45 = 1500 min./30 min.
= 50 Erlangs

Occupancy p =R/N
= 50/100 = 50%

= Quality-Driven Operation (Light-Traffic)

= Classical Queueing Theory
Above: R=50, N = R + 50, ~allservedimmediately.

Rule of Thumb: N

[R+5R]|, 6>0 service-grade.
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Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C ~ N=100 E(S) = 3:45 min.

Alhr P E(W,) = ASA
800 50% 0

% Walit=0
100%



Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C ~ N=100 E(S) = 3:45 min.

Ahr P E(W,) = ASA % Wait=0
800 50% 0 100%
1400 87.5% 0:02 min. 88%
1550 96.9% 0:48 min. 35%
1580 98.8% 2:34 min. 15%

1585 99.1% 3:34 min. 12%



Quality-driven: 100 agents, 50% utilization

— Can increase offered load - by how much?

Erlang-C ~ N=100 E(S) = 3:45 min.

Ahr P E(W,) = ASA % Wait =0
800 50% 0 100%
1400 87.5% 0:02 min. 88%
1550 96.9% 0:48 min. 35%
1580 98.8% 2:34 min. 15%
1585 99.1%  3:34 min. 12%

— Efficiency-driven Operation (Heavy Traffic)

Wy ~Wg |Wq > 0= L PN E(s)—E(S) =345

NA-pn)=1 , pn—1
Above: R=99, N = R+1, ~ all delayed.

Rule of Thumb: N

[R+y], >0 service grade.



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N OCC ASA % Wait = 0
1585 100 99.1% 3:34 12%



Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N OCC ASA % Wait = 0
1585 100 99.1% 3:34 12%

1599 100 99.9% 59:33 0%



Changing N (Staffing) in Erlang-C

Ahr
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1599
1599
1599
1599
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Changing N (Staffing) in Erlang-C

E(S) = 3:45
Ahr N ocC ASA % Wait = 0
1585 100 99.1% 3:34 12%
1599 100 99.9%  59:33 0%
1599  100+1  98.9% 3:06 13%
1599 102 98.0% 1:24 24%
1599 105 95.2% 0:23 50%

— New Rationalized Operation
Efficiently driven, in the sense that OCC > 95%;

Quality-Driven, 50% answered immediately

QED Regime = Quality- and Efficiency-Driven Regime

Above: R =100, N= R+ 5, 50% delayed.

J- Safety-Staffing N=[R+pvR |, p>0 .
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QED Theorem (Halfin-Whitt, 1981)

Consider a sequence of M/M/N models, N=1,2,3,...

Then the following 3 points of view are equivalent:

e Customer |im Py{Wait>0}=a, 0<a<l;

N —o0
o Server Nlim IN(A-pN)=f8, 0< B <om;
—>00
e Manager N=xR+pBvR , R=AxE(S) large;
-1
Here o= {1 + 'B¢('B)} ,
P(f)

where @(-)/ ¢(:) 1is the standard normal density/distribution.

Extremes:
Everyonewaits: a=1 < pf=0  Efficiency-driven

Quality-driven a=0 < f=o Noone waits:



J- Safety-Staffing: Performance

R= AxE(S) Offered load (Erlangs)
N=R+ gJR B = “service-grade” >0
——
=R+ 4 J- safety-staffing

Expected Performance:

-1
% Delayed ~ P(f) = {1+ ﬂ(é(ﬁ)} , >0 Erlang-C

o(P)
Congestion index =E Wait Wait >0 | = L ASA
E(S A
% | VIt T Wait>0b=eTA TSF
E(S)
Servers’ Utilization = R ~1—£ Occupancy
N JN

38



The Halfin-Whitt Delay Function
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Rules-of-Thumb in an "Erlang-C World"

R = Offered Load (not small)

Efficiency-Driven: N=R+2 (or3,or...),
Expect that essentially all customers are delayed in queue, that
average delay is about 1/2 (or 1/3, or...) average service-time,

and that agents utilization is extremely high (close to 100%).

Quality-Driven: N=R+(10% - 20%) R

Expect essentially no delays of customers.

QED: N=R +0.5vVR

Expect that about half of the customers are not delayed in
queue, that average delay is about one-order less than average
service-time (seconds vs. minutes), and that agents utilization is
high (90-95%).

Can determine regime scientifically:

Strategy: Retain performance levels under Pooling (4CC demo)
Economics: Minimize agent salaries + congestion cost, or

Satisfization: Least Number of Agents s.t. Constraints

39



Strategy: Sustain Regime under Pooling

Base: A =300/hr, AHT =5 min, N = 30 agents

OCC =83.3%, ASA=15sec, %{Wait>0} =25%

4 CC: A=1200, AHT =5 min, N=?

Quality-Driven: maintain OCC at 83.3%.
N =120, ASA = .5 sec

Efficiency-Driven: maintain ASA at 15 sec.
N =107, OCC =93.5%

QED: maintain  %{Wait>0}) at 25%
N =100+1-~100 =110, OCC =91%, ASA =7 sec

9CC: A=2700, AHT =5,R =225
Q: N=270
E: N=233

QED: N=2251-/225 =240, OCC = 94%, ASA = 4.7 sec

40



Economics: Quality vs. Efficiency

(Dimensioning: with S. Borst and M. Reiman)

Quality D()  delaycost (t= delay time)
Efficiency C(N) staffing cost (N = # agents)

Optimization: N* minimizes Total Costs

e C>>D: Efficiency-driven
e C<<D: Quality-driven
e C =~ D: Rationalized - QED

Satisfization: N* minimal s.t. Service Constraint

Eg. %Delayed < « .

e a=1l Efficiency-driven
e a=0 Quality-driven
e 0O<acx<l: Rationalized - QED

Framework: Asymptotic theory of M/M/N, N T oo



Mean Service Time (Regular) vs. Time-of-day (95% CI) (n =
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Arrivals

Queues

Waiting

Predictable Variability

g

>

3
[
vd

Ay arafe number of calts

2 & B =B
[

Ay erafje mumber of calts
T - = =1 =

n
FF PSS

FF S

I A A ==
51.._j \ / \ e
; "] ' \/‘\./

EX

L N - O - e

L U O R, A Y,
Tne



Service Time

N

Survival curve, by Types
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Hazard Rate: Empirical (Im)Patience
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Operational Aspects of Impatience

Recall earlier Q, E and QED Scenarios (E(S) = 3:45):

Ahr
1599
1599
1600

N
100
105
100

OCC
99.9%
95.2%

100%

ASA

59:33
0:23
infinity

% Wait =0
1%
51%
0%
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Operational Aspects of Impatience

Recall earlier Q, E and QED Scenarios (E(S) = 3:45):

Ahr
1599
1599
1600

BUT
1600

N
100
105
100

with

100

OCC

99.9%
95.2%
100%

Patience=E(S)
96%

ASA

59:33
0:23
infinity

0:09

% Wait =0
1%
51%
0%

50%
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Operational Aspects of Impatience

Recall earlier Q, E and QED Scenarios (E(S) = 3:45):

Mhr N OCC ASA % Wait =0
1599 100 99.9% 59:33 1%
1599 105 95.2% 0:23 51%
1600 100 100% infinity 0%
BUT with Patience=E(S)

1600 100 96% 0:09 50%
AND could have %Abandon
1600 100 97.3% 0:23 2.7 %
1600 95 98.4% 0:23 6.5%

1800 105 97.7% 0:23 3.4%
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Operational Aspects of Impatience

Recall earlier Q, E and QED Scenarios (E(S) = 3:45):

Ahr N OCC ASA % Wait =0
1599 100 99.9% 59:33 1%
1599 105 95.2% 0:23 51%
1600 100 100% infinity 0%
BUT with  Patience=E(S)

1600 100 96% 0:09 50%
AND could have %Abandon
1600 100 97.3% 0:23 2.7 %
1600 95 98.4% 0:23 6.5%
1800 105 97.7% 0:23 3.4%

QED with (Im)patient Customers:

The ""fittest"" survive and wait less — much less!

Erlang-A: Erlang-C with Exponential Patience / Abandonment

Downloadable implementation: 4CallCenters(.com)



Erlang-A (with G-Patience): M/IM/N+G
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QED Theorem (Garnett, M. and Reiman '02; Zeltyn '03)

Consider a sequence of M/M/N+G models, N=1,2,3,...

Then the following points of view are equivalent:

e QED %{Wait > 0} ~ «, O<a<l:

e Customers  %{Abandon} » % | 0<y :
o AgentS OCC zl—'B\/_i_Ny —0 < ff < ;

e Managers N~R+pSvR , R=AxE(S) notsmall;

QED performance (ASA, ...) is easily computable, all in terms
of / (the square-root safety staffing level) — see later.

Covers also the Extremes:
a=1: N=R- ¥R Efficiency-driven
a=0: N=R+yR Quality-driven
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QED Approximations (Zeltyn)

A\ — arrival rate,

[ — Service rate,

N — number of servers,

G — patience distribution,

go — patience density at origin

(go = 0, ifexp(0)).

N =248/ +0(A), —co<B<oo.

1 —_— h(B) 17
P{Ab} =~ ﬁ'[h(ﬂ)—m' +h( 5)] :
o{w> o) ~ |2 TN KA
p h(=pB)] P(B)
o> ) = S v
Here
5= 8/t
go
P(z) = 1—->(a),
h(z) = o(x)/P(x), hazardrate of N(O,1).

e Generalizing Garnett, M., Reiman (2002) (Palm 1943-53)

e No Process Limits

Y
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P{Wait>0}

Erlang-A: P{Wait>0}=a vs. B (N=R+BVR)
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GMR(x) describes the asymptotic probability of delay as a function of B when
% = X. Here, 0 and p are the abandonment and service rate, respectively.



P{Abandon}*VN

Erlang-A: P{Abandon}*YN vs. B
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Forecasting the Arrival Function

Theoretical & Empirical

Prob. of Delay vs. B
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